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Abstract. This paper has four main parts. In the first part, we construct 
a noncommutative residue for the hypoeUiptic calculus on Heisenberg mani- 
folds, that is, for the class of SP/fDO operators introduced by Beals-Greiner 
and Taylor. This noncommutative residue appears as the residual trace on 
integer order SP^DOs induced by the analytic extension of the usual trace 
to non-integer order ^P^fDOs. Moreover, it agrees with the integral of the 
density defined by the logarithmic singularity of the Schwartz kernel of the 
corresponding 'I'j/DO. In addition, we show that this noncommutative residue 
provides us with the unique trace up to constant multiple on the algebra of 
integer order ^j:/DOs. In the second part, we give some analytic applications 
of this construction concerning zeta functions of hypoeUiptic operators, loga- 
rithmic metric estimates for Green kernels of hypoeUiptic operators, and the 
extension of the Dixmier trace to the whole algebra of integer order "PhDOs. 
In the third part, we present examples of computations of noncommutative 
residues of some powers of the horizontal sublaplacian and the contact Lapla- 
cian on contact manifolds. In the fourth part, we present two applications in 
CR geometry. First, we give some examples of geometric computations of non- 
commutative residues of some powers of the horizontal sublaplacian and of the 
Kohn Laplacian. Second, we make use of the framework of noncommutative 
geometry and of our noncommutative residue to define lower dimensional vol- 
umes in pseudohermitian geometry, e.g., we can give sense to the area of any 
3-dimensional CR manifold. On the way we obtain a spectral interpretation 
of the Einstein-Hilbert action in pseudohermitian geometry. 



1. Introduction 

The aim of this paper is to construct a noncommutative residue trace for the 
Heisenberg calculus and to present several of its applications, in particular in CR 
and contact geometry. The Heisenberg calculus was built independently by Beals- 
Greiner [BGj and Taylor |Tay| as the relevant pseudodifferential tool to study the 
main geometric operators on contact and CR manifolds, which fail to be elliptic, 
but may be hypoeUiptic (see also |BdM| . [EMj . |FStj . |Po5| ). This calculus holds in 
the general setting of a Heisenberg manifold, that is, a manifold M together with 
a distinguished hyperplane bundle H C TM, and we construct a noncommutative 
residue trace in this general context. 

The noncommutative residue trace of Wodzicki f |Wol| . |Wo3| ) and Guillemin [Gulj 
was originally constructed for classical ^fDOs and it appears as the residual trace 
on integer order 5'DOs induced by analytic extension of the operator trace to ^I^DOs 
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of non-integer order. It has numerous applications and generalizations (see, e.g., 
[C3l] . [C53) . [CMj, [FGLSj . [Gll3] . [Ki] . [Lii) . pMS] . pN] . [PR] , [E!], [Si], 

[ Vasj ) . In particular, the existence of a residual trace is an essential ingredient in 
the framework for the local index formula in noncommutative geometry of Connes- 
Moscovici [CM] . 

Accordingly, the noncommutative residue for the Heisenberg calculus has various 
applications and several of them are presented in this paper. Further geometric 
applications can be found in [Po6| . 

1.1. Noncommutative residue for Heisenberg manifolds. Our construction 
of a noncommutative residue trace for ^P/fDOs, i.e., for the pseudodifferential op- 
erators in the Heisenberg calculus, follows the approach of [CMj. It has two main 
ingredients: 

(i) The observation that the coefficient of the logarithmic singularity of the 
Schwartz kernel of a ^'//DO operator P can be defined globally as a density cp{x) 
functorial with respect to the action of Heisenberg diffcomorphisms, i.e., diffeomor- 
phisms preserving the Heisenberg structure (see Proposition 13 . 1 ip . 

(ii) The analytic extension of the operator trace to ^'/^DOs of complex non- 
integer order (Proposition 13 . 1^ . 

The analytic extension of the trace from (ii) is obtained by working directly at 
the level of densities and induces on 5*/^ DOs of integer order a residual trace given 
by (minus) the integral of the density from (i) (Proposition I3.14p . This residual 
trace is our noncommutative residue for the Heisenberg calculus. 

In particular, as an immediate byproduct of this construction the noncommu- 
tative residue is invariant under the action of Heisenberg diffcomorphisms. More- 
over, in the foliated case our noncommutative residue agrees with that of |CMj . 
and on the algebra of Toeplitz pseudodifferential operators on a contact manifold 
of Boutet de Monvel-Guillemin |BGuj we recover the noncommutative residue of 
Guillemin |Gu3| . 

As a first application of this construction we show that when the Heisenberg man- 
ifold is connected the noncommutative residue is the unique trace up to constant 
multiple on the algebra of integer order \E'//DOs (Theorem 13. 23p . As a consequence 
we get a characterization sums of ^//DO commutators and we obtain that any 
smoothing operator can be written as a sum of ^'/f DO commutators. 

These results are the analogues for ^P/fDOs of well known results of Wodz- 
icki ( ! Wo2| : see also [Gu3] ) for classical ^iDOs. Our arguments are somewhat ele- 
mentary and partly rely on the characterization of the Schwartz kernels of ^//DOs 
that was used in the analysis of their logarithmic singularities near the diagonal. 

1.2. Analytic applications on general Heisenberg manifolds. The analytic 
extension of the trace allows us to directly define the zeta function Ce(P;s) of a 
hypoelliptic 5" //DO operator P as a meromorphic functions on C. The definition 
depends on the choice of a ray Lg — {argA = 6}, < 9 < 2tt, which is a ray 
of principal values for the principal symbol of P in the sense of (Po8] and is not 
through an eigenvalue of P, so that Lg is a ray of minimal growth for P. Moreover, 
the residues at the potential singularity points of (g{P;s) can be expressed as 
noncommutative residues. 

When the set of principal values of the principal symbol of P contains the left 
half-plane 3fiA < we further can relate the residues and regular values of (g (P; s) 
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to the coefficients in the heat kernel asymptotics for P (see Proposition 14. 41 for the 
precise statement). We then use this to derive a local formula for the index of a 
hypoelliptic ^'/f DO and to rephrase in terms of noncommutative residues the Weyl 
asymptotics for hypoelliptic 5'DOs from Po5j and [Po8| . 

An interesting application concerns logarithmic metric estimates for Green ker- 
nels of hypoelliptic ^'//DOs. It is not true that a positive hypoelliptic 5*/^ DO has a 
Green kernel positive near the diagonal. Nevertheless, by making use of the spectral 
interpretation of the noncommutative residue as a residual trace, we show that the 
positivity still pertains when the order is equal to the critical dimension dim M + 1 
(Proposition 14. 7p . 

When the bracket condition H + [H.H] = TM holds, i.e., H is & Carnot- 
Caratheodory distribution, this allows us to get metric estimates in terms of the 
Carnot-Caratheodory metric associated to any given subriemannian metric on H 
(Theorem 14. 9p . This result connects nicely with the work of Fefferman, Stein and 
their collaborators on metric estimates for Green kernels of subelliptic sublaplacians 
on general Carnot-Caratheodory manifolds (see, e.g., |FS| . ^Maj . (NSW| . [Sa]). 

Finally, we show that on a Heisenberg manifold (M, H) the Dixmier trace is 
defined for ^P^fDOs of order less than or equal to the critical order — (dimM -I- 1) 
and on such operators agrees with the noncommutative residue (Theorem I4.12p . 
Therefore, the noncommutative residue allows us to extend the Dixmier trace to 
the whole algebra of ^'/fDOs of integer order. In noncommutative geometry the 
Dixmier trace plays the role of the integral on infinitesimal operator of order < 1. 
Therefore, our result allows us to integrate any 'I'/fDO even though it is not an 
infinitesimal operator of order < 1. This is the analogue of a well known result of 
Connes |Col| for classical ^I^DOs. 

1.3. Noncommutative residue and contact geometry. Let (A/^"+^,i/) be 
a compact orientable contact manifold, so that the hyperplane bundle H C TM 
can be realized as the kernel of a contact form 6' on Af . The additional datum of a 
calibrated almost complex structure on H defines a Riemannian metric on M whose 
volume Vole M depends only on 9. 

Let Ab;fc be the horizontal sublaplacian associated to the above Riemannian 
metric acting on horizontal forms of degree k, k ^ n. This operator is hypoelliptic 
for k ^ n and by making use of the results of [Po5| we can explicitly express the 
noncommutative residue of Aj.["^^'' as a constant multiple of Volg M (see Propo- 
sition E^]). 

Next, the contact complex of Rumin [Ru is a complex of horizontal forms on 
a contact manifold whose Laplacians are hypoelliptic in every bidegree. Let Ai};^ 
denote the contact Laplacian acting on forms degree fc, fc = 0, . . . , n. Unlike the 
horizontal sublaplacian A^j does not act on all horizontal forms, but on the sections 
of a subbundle of horizontal forms. Moreover, it is not a sublaplacian and it even 
has order 4 on forms of degree n. Nevertheless, by making use of the results of |Po5| 

we can show that the noncommutative residues of A^.^^'*'^'' for k ^ n and of A^.^^^ 
are universal constant multiples of the contact volume Vole M (see Proposition l5.3p . 

1.4. Applications in CR geometry. Let (M^"+^, H) be a compact orientable k- 
strictly pseudoconvex CR manifold equipped with a pseudohermitian contact form 
6*, i.e., the hyperplane bundle H C TM has an (integrable) complex structure and 
the Levi form associated to has at every point n — n positive eigenvalues and k 
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negative eigenvalues. If h is a Levi metric on M then the volume with respect to 
this metric depends only on 9 and is denoted Yo\g M. 

As in the general contact case we can explicitly relate the pseudohermitian vol- 
ume Vole M to the noncommutative residues of the following operators: 

- 0^.pq^^\ where Ob-pq denotes the Kohn Laplacian acting on (p, g)-forms with 
q ^ K and q ^ n — k (sec Proposition 16. 3p ; 

- Aj.p^^^'' , where l^b;pq denotes the horizontal sublaplacian acting on (p, 5)-forms 
with (p, q) ^ {n — k, k) and (p, q) ^ {K,n — k) (see Proposition 16. 7p . 

From now on we assume M strictly pseudoconvex (i.e. we have k = 0) and 
consider the following operators: 

" ^b-^q' '^i*^ and q ^ n,; 

- A,-;^, with (p,g) ^ (n,0) and (p, 9) ^ (0,n). 

Then we can make use of the results of fBGS] to express the noncommutative 
residues of these operators as universal constant multiple of the integral /^^ i?„o?6'"A 
0, where i?„ denotes the scalar curvature of the connection of Tanaka [Ta| and 
Webster [Wej (see Propositions 16.51 and 16. 9p . These last results provide us with a 
spectral interpretation of the Einstein- Hilbert action in pseudohermitian geometry, 
which is analogous to that of Connes f [Co3j . [KWj . [Kasj ) in the Riemannian case. 

Finally, by using an idea of Connes |Co3] we can make use of the noncommu- 
tative residue for classical 'I'DOs to define the fc-dimensional volumes Riemannian 
manifold of dimension m for k — l,...,m — 1, e.g. we can give sense to the area 
in any dimension (see [Po7| ) . Similarly, we can make use of the noncommutative 
residue for the Heisenberg calculus to define the fc-dimensional pseudohermitian 

(k) 

volume Volg M for any k — l....,2n-|-2. The argument involves noncommuta- 
tive geometry, but we can give a purely differential geometric expression of these 
lower dimensional volumes (see Proposition 16. Furthermore, in dimension 3 the 
area (i.e. the 2-dimensional volume) is a constant multiple of the integral of the 
Tanaka- Webster scalar curvature (Theorem I6.12p . In particular, we find that the 
area of the sphere S'^ C endowed with its standard pseudohermitian structure 
has area 

1.5. Potential geometric applications. The boundaries of a strictly pseudo- 
convex domain of C"+^ naturally carry strictly pseudoconvex CR structures, so 
one can expect the above results to be useful for studying from the point of view 
of noncommutative geometry strictly pseudoconvex boundaries, and more gener- 
ally Stein manifolds with boundaries and the asymptotically complex hyperbolic 
manifolds of |.EMMj . Similarly, the boundary of a symplectic manifold naturally 
inherits a contact structure, so we could also use the results of this papers to give 
a noncommutative geometric study of symplectic manifolds with boundary. 

Another interesting potential application concerns a special class of Lorentzian 
manifolds, the Fefferman's spaces f |Felj . |Le| ) . A Fefferman's Lorentzian space T 
can be realized as the total space of a circle bundle over a strictly pseudoconvex 
CR manifold M and it carries a Lorentzian metric naturally associated to any 
pseudohermitian contact form on M. For instance, the curvature tensor of T can 
be explicitly expressed in terms of the curvature and torsion tensors of the Tanaka- 
Webster connection of M and the Dalembertian of J-" pushes down to the horizontal 
sublaplacian on M. This strongly suggests that one could deduce a noncommutative 
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geometric study of Fefferman spaces from a noncommutative geometric study of 
strictly pseudoconvex CR manifolds. An item of special interest would be to get a 
spectral interpretation of the Einstein-Hilbert action in this setting. 

Finally, it would be interesting to extend the results of this paper to other sub- 
riemannian geometries such as the quaternionic contact manifolds of Biquard [Bij . 

1.6. Organization of the paper. The rest of the paper is organized as follows. 

In Section [21 we recall the main facts about Heisenberg manifold and the Heisen- 
berg calculus. 

In Section [31 we study the logarithmic singularity of the Schwartz kernel of a 
^'hDO and show that it gives rise to a well defined density. We then construct the 
noncommutative residue for the Heisenberg calculus as the residual trace induced 
on integer order ^'//DOs by the analytic extension of the usual trace to non-integer 
order ^'jjDOs. Moreover, we show that the noncommutative residue of an integer 
order 5" //DO agrees with the integral of the density defined by the logarithmic 
singularity of its Schwartz kernel. We end the section by proving that, when the 
Heisenberg manifold is connected, the noncommutative residue is the only trace up 
to constant multiple. 

In Section [4l we give some analytic applications of the construction of the non- 
commutative residue. First, we deal with zeta functions of hypoelliptic ^'//DOs 
and relate their singularities to the heat kernel asymptotics of the corresponding 
operators. Second, we prove logarithmic metric estimates for Green kernels of hy- 
poelliptic ^'j/DOs. Finally, we show that the noncommutative residue allows us to 
extend the Dixmier trace to all integer order ^f/fDOs. 

In Section[5l we present examples of computations of noncommutative residues of 
some powers of the horizontal sublaplacian and of the contact Laplacian of Rumin 
on contact manifolds. 

In Section [SI we present some applications in CR geometry. First, we give some 
examples of geometric computations of noncommutative residues of some powers 
of the horizontal sublaplacian and of the Kohn Laplacian. Second, we make use 
of the framework of noncommutative geometry and of the noncommutative residue 
for the Heisenberg calculus to define lower dimensional volumes in pseudohermitian 
geometry. 

Finally, in Appendix for reader's convenience we present a detailed proof of 
Lemma 13.11 about the extension of a homogeneous symbol into a homogeneous 
distribution. This is needed for the analysis of the logarithmic singularity of the 
Schwartz kernel of a ^P/fDO in Section [3l 

Acknowledgements. Part of the results of this paper were announced in |Pol| 
and |Po2| and were presented as part of my PhD thesis at the University of Paris- 
Sud (Orsay, France) in December 2000. I am grateful to my advisor, Alain Connes, 
and to Charlie Epstein, Henri Moscovici and Michel Rumin, for stimulating and 
helpful discussions related to the subject matter of this paper. In addition, I would 
like to thank Olivier Biquard, Richard Melrose and Pierre Pansu for their interests 
in the results of this paper. 

2. Heisenberg calculus 

The Heisenberg calculus is the relevant pseudodifferential calculus to study hy- 
poelliptic operators on Heisenberg manifolds. It was independently introduced by 
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Beals-Greiner [BG] and Taylor (see also [BdM] . [DTI] , [D^ , [EM] . [FSt] . 

[Po5j ■ |RS| ) . In this section we recall the main facts about the Heisenberg calculus 
following the point of view of [BG| and [Po5| . 

2.1. Heisenberg manifolds. In this subsection we gather the main definitions and 
examples concerning Heisenberg manifolds and their tangent Lie group bundles. 

Definition 2.1. 1) A Heisenberg manifold is a pair (Af, H) consisting of a manifold 
M together with a distinguished hyperplane bundle H C TM . 

2) Given Heisenberg manifolds (M, H) and (M', H') a diffeomorphism <f> : M ^ 
M' is said to be a Heisenberg diffeomorphism when (j)i,H = H' . 

Following are the main examples of Heisenberg manifolds: 

- Heisenberg group. The (2n+ l)-dimensional Heisenberg group H'^"+^ is the 2-step 
nilpotent group consisting of M^"+^ = M x K^" equipped with the group law, 

(2.1) x.y^{xa+ya+ ^ {xn+jV] - Xjyn+j),xi + yi, . . . ,X2n + y2n)- 

l<j<n 

A left-invariant basis for its Lie algebra jg then provided by the vector fields, 

For j,k = l,...,n and k ^ j we have the Heisenberg relations [Xj, Xn+k] = 
—26jkXo and [Xo,Xj] = [X^, X^] — [X„+j, X„_|_fe] — 0. In particular, the subbundle 
spanned by the vector field Xi , . . . , X2n yields a left-invariant Heisenberg structure 
on H2"+i. 

- Foliations. A (smooth) foliation is a manifold M together with a subbundle 

c TM integrable in Frobenius' sense, i.e., the space of sections of H is closed 
under the Lie bracket of vector fields. Therefore, any codimension 1 foliation is a 
Heisenberg manifold. 

- Contact manifolds. Opposite to foliations are contact manifolds. A contact man- 
ifold is a Heisenberg manifold (M^"+^,i?) such that H can be locally realized as 
the kernel of a contact form, that is, a 1-form 9 such that d9^H is nondegenerate. 
When M is orientable it is equivalent to require H to be globally the kernel of 
a contact form. Furthermore, by Darboux's theorem any contact manifold is lo- 
cally Heisenberg-diffeomorphic to the Heisenberg group 11^"+^ equipped with the 
standard contact form 0*^ = dxo + '^^^i{xjdxn+j — Xn+jdxj). 

- Confoliations. According to Elyashberg-Thurston [ETj a confoliation structure 
on an oriented manifold is given by a global non- vanishing 1-form 6 on 
M such that {d9Y A 6* > 0. In particular, if we let H = ker6' then {M,H) is a 
Heisenberg manifold which is a foliation when dO /\ 9 = and a contact manifold 
when {d9)" A9>0. 

- CR manifolds. A CR structure on an orientable manifold M^"+^ is given by a 
rank n complex subbundle Ti.o C T^M such that Ti^ is integrable in Frobenius' 
sense and we have Ti^o H Tq^i = {0}, where we have set Tq^i = Ti^. Equivalently, 
the subbundle H = ^{Ti^o ® ?o,i) the structure of a complex bundle of (real) 
dimension 2n. In particular, (M, H) is a Heisenberg manifold. The main example 
of a CR manifold is that of the (smooth) boundary M = dD of a bounded complex 
domain D C C""'""'^. In particular, when D is strongly pseudoconvex with defining 
function p the 1-form 9 — i{d ~ d)p is a. contact form on M. 
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Next, the terminology Heisenberg manifold stems from the fact that the relevant 
tangent structure in this setting is that of a bundle GM of graded nilpotent Lie 
groups (see [BG], [Hi], [EMM], [ESI], [Gi3], [PS4], [^, [^). This tangent Lie 
group bundle can be described as follows. 

First, there is an intrinsic Levi form C : H x H ^ TM/H such that, for any 
point a €z M and any sections X and Y of H near a, we have 

(2.3) CaiX{a),Y{a))^[X,Y]{a) mod Ha. 

In other words the class of [X, y](a) modulo Ha depends only on the values X{a) 
and Y{a), not on the germs of X and Y near a (see |Po4j ) . This allows us to define 
the tangent Lie algebra bundle qM as the vector bundle {TM/H) H together 
with the grading and field of Lie brackets such that, for sections Xq, Yq of TM/H 
and X', Y' of H, we have 

(2.4) t.{XQ + X')=t^Xa+tX', ieM, 

(2.5) [Xo+X',Yo + YXm=C{X'X). 

Since each fiber QaM is 2-step nilpotent, qM is the Lie algebra bundle of a Lie 
group bundle GM which can be realized as (TM/H) © H together with the field 
of group law such that, for sections Xq, Yq of TM/H and X', Y' of H, we have 

(2.6) (Xo + X').{Yo + Y') =Xo+Yo + ^^X' , Y') + X' + Y' . 

We call GAl the tangent Lie group bundle of M . 

Let be a Heisenberg diffeomorphism from {M, H) onto a Heisenberg manifold 
{M',H'). Since we have (pt^H = H' the linear differential 0' induces linear vector 
bundle isomorphisms (j)' : H ^ H' and 0' : TM/H TM'/H', so that we get a 
linear vector bundle isomorphism 0'^ : {TM/H) ®H^ {TM'/H') © H' by letting 

(2.7) Ma).{Xo + X') = W{a)Xo + cf>'{a)X', 

for any a € M and any Xq in {TaM / Ha) and X' in Ha- This isomorphism commutes 
with the dilations in (|2.4p and it can be further shown that it gives rise to a Lie 
group isomorphism from GM onto GM' (see jPo4| ). 

The above description of GM can be related to the extrinsic approach of [BG] 
as follows. 

Definition 2.2. A local frame Xq, Xi, . . . , Xd of TM such that Xi, . . . , Xd span 
H is called a H-frame. 

Let U C M'^+^ be an open of local coordinate equipped with a i7- frame Xq, . . . , Xd- 

Definition 2.3. For a <E U we let ipa : M'^+i M'^+i denote the unique affine 
change of variable such that tpa{a) — and {'tpa)*Xj{0) — for j = 0, . . . , d. The 
coordinates provided by the map ipa o,fe called privileged coordinates centered at a. 

In addition, on M'^+i we consider the dilations, 

(2.8) t.x ^ {t^xo.txi,. . . ,txd), <eM. 

In privileged coordinates centered at a we can write Xj = + X]fc=o 
with a,k (0) - 0. Let X^^^ = ^f^ and for j = 1, . . . , d let xj") = bjkXk ^ , 

where bjk — dxkajQ{0). With respect to the dilations (|2.8p the vector field Xj""* 
is homogeneous of degree wo — —2 for j = and of degree wj = —1 for j = 
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In fact, using Taylor expansions at a: = we get a formal expansion 
Xj x'^'^'^ + Xj,.u,--i + . . ., with Xjj homogeneous vector field of degree I. 

The subbundle spanned by the vector fields x'"-^'^ is a 2-step nilpotent Lie algebra 
under the Lie bracket of vectors fields. Its associated Lie group can be realized 
as R'*+^ equipped with the group law, 

d 

(2.9) x.y = (xo + ^ bkjXjXk,xi, . . . ,Xd). 

j,k=l 

On the other hand, the vectors Xo(a), . . . , Xd{a) provide us with a linear basis 
of the space (TaM/Ha) ® Ha- This allows us to identify GaM with R'^+i equipped 
with the group law, 

(2.10) x.y = {xq + yo + ^Ljk{a)xjyk,xi + yi,...,Xd + yd)- 

Here the functions Ljk denote the coefficients of the Levi form (|2.3p with respect 
to the i?-frame Xq, . . . , Xd, i.e., we have £{Xj,Xk) = [Xj,Xk] = LjkXo mod H. 

The Lie group G^""^ is isomorphic to GaM since one can check that Ljk — 
bjk — bkj- An explicit isomorphism is given by 

1 

(2.11) (f>a{xo, . ■ . ,Xd) ^ {xq - - ^ {bjk + bk-i)XjXk,Xi, . . .,Xd). 

Definition 2.4. The local coordinates provided by the map Sa ■— 4ia °i^a are called 
Heisenberg coordinates centered at a. 

The Heisenberg coordinates refines the privileged coordinates in such way that 
the above realizations of G^"-* and GaM agree. In particular, the vector fields 
Xj""^ and Xj agree in these coordinates. This allows us to see Xj as a first order 
approximation of Xj . For this reason Xj is called the model vector field of Xj at 
a. 

2.2. Left-invariant pseudodifferential operators. Let {M'^^^,H) be a Heisen- 
berg manifold and let G be the tangent group GaM of M at a given point a £ M. 
We briefly recall the calculus for homogeneous left-invariant ^PDOs on the nilpotent 
group G. 

Recall that if £' is a finite dimensional vector space the Schwartz class S{E) 
carries a natural Frechet space topology and the Fourier transform of a function 
/ e S{E) is the element / e S{E*) such that f{£_) = e'<«'^>/(a;)da; for any 
£, & E* , where dx denotes the Lebesgue measure of E. In the case where E = 
(TaM/Ha) © Ha the Lebesgue measure actually agrees with the Haar measure of 
G, so S{E) and 5(G) agree. Furthermore, as E* — (TaM/Ha)* H* is just the 
linear dual g* of the Lie algebra of G, we also see that S(E*) agrees with S(g*). 

Let So(G) denote the closed subspace of S(G) consisting of functions / g S(G) 
such that for any differential operator P on g* we have (P/)(0) = 0. Notice that the 
image So(G) of S(G) under the Fourier transform consists of functions v e S(q*) 
such that, given any norm |.| on G, near f = we have \g(^)\ = 0(|^|^) for any 

iv e N. 
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We endow g* with the dilations A.^ = (A'^^q, A^') coming from (|2.4p . For to e C 
we let Smis* M) denote the closed subspace of C°°(g* \ 0) consisting in functions 
piO e C°°{9* \ 0) such that p{X4) = AXO for any A > 0. 

If p(^) G Sm{Q*) then it defines an element of 5o(0*)' by letting 

(2.12) (p,.g>- / PiOgm^, 5e5o(0*). 

This allows us to define the inverse Fourier transform of p as the element p e iSo(G')' 
such that {p, f) = {p, /) for any / e So{G). It then can be shown (see, e.g., [BGj . 
jCGGP] ) that the left-convolution with p defines a continuous endomorphism of 
So{G) via the formula, 

(2.13) Op{p)f{x)^p*f{x)^{p{y)J{xy)), feSo{G). 
Moreover, we have a bilinear product, 

(2.14) * : 5™,(0*) X 5™,(0*) 5™,+™,(0*), 

in such way that, for any pi G SmiiQ*) and any p2 G Sm2{9*), we have 

(2.15) Op(pi) o Op(p2) = Op(pi * P2)." 

In addition, if p G Sm{2*) then Op{p) really is a pseudodifferential operator. 
Indeed, let Xo{a), . . . ,Xd{a) be a (linear) basis of g so that Xo{a) is in TaM/Ha 
and Xi{a), . . . , Xd{a) span Ha- For j = 0, . . . , let Xj be the left-invariant vector 
field on G such that Xj^ _^ — Xj{a). The basis Xo{a), . . . ,Xd{a) yields a linear 
isomorphism g ~ R'^+^, hence a global chart of G. In the corresponding local coor- 
dinates p{^) is a homogeneous symbol on R''+^ \0 with respect to the dilations (12. 8|) . 
Similarly, each vector field ^Xj, j = 0, . . . , d, corresponds to a vector field on R''+^ 
with symbol (t°(x,^). If we set a°'{x,£,) = (ctq (x, ^), . . . , tTj^(x, ^)), then it can be 
shown that in these local coordinates we have 

(2.16) Op(p)/(x) - (27r)-('^+i) / e^<-'«>p(a'^(x,C))/(Ode, / G 5o(R^+i). 

In other words Op{p) is the pseudodifferential operator p{—iX"-) := p{a"-{x, D)) 
acting on 5o(M''+^). 

2.3. The operators. The original idea in the Heisenberg calculus, which 

goes back to Elias Stein, is to construct a class of operators on a given Heisenberg 
manifold (iW^+^iJ), called ^^DOs, which at any point a G M are modeled in a 
suitable sense on left-invariant pseudodifferential operators on the tangent group 

GaM. 

Let U C M'*+^ be an open of local coordinates equipped with a iJ- frame Xq, . . . , X^- 

Definition 2.5. Sm{U x R'^+^), to G C, consists of functions p{x,£) in G°°{U x 
jgd+i^g-j ^/jjg/j Qj-g homogeneous of degree m in the (^-variable with respect to the 
dilations i2.8\) . i.e., we have p{x,t.S,) — i™p(x,^) for any t > 0. 

In the sequel we endow R''^^ with the pseudo-norm, 

(2.17) 11^11 = (Co' + ei + --- + d)'/', iew'+\ 

In addition, for any multi-order f3 G Nq'^^ we set (6^ = 2/3o + Pi + . . . + Pd. 
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Definition 2.6. S"'{U x R'^+^), m e C, consists of functions p{x,£,) in C°°{U x 
jjd+i^ TOt/i an asymptotic expansion p ^ ^j>oP"^-3 ' Pf^ ^ Sk{U x R'*+^), in the 
sense that, for any integer N , any compact K G U and any multi-orders a, (3, there 
exists CMKap > such that, for any x G K and any ^ G R'^+i so that ||^|| > 1, we 
have 

(2.18) \d^dl{p-Y.p^^,){x,0\ < C^A-a/3||ef 

]<N 

Next, for J = 0, . . . , d let aj{x,£^) denote the symbol (in the classical sense) of 
the vector field jXj and set ct = (ctq, . . . , cr<i)- Then for p € S'^iU x R'^+^) we let 
p{x,—iX) be the continuous linear operator from C^{U) to C°°{U) such that 

(2.19) p(x,-*X)/(x) = (2^)-('^+i) j e^--h{^,a{x,0)f{m, feC^{U). 

In the sequel we let ^~°°(C/) denote the space of smoothing operators on U, that 
is, the space of continuous operators P : £'{U) V'^U) with a smooth Schwartz 
kernel. 

Definition 2.7. -^'f^{U), m e C, consists of operators P : C^{U) C°°{U) of 
the form 

(2.20) P = p{x,-iX) + R, 

with p in S"^{U x M''+^) (called the symbol of P) and R smoothing operator. 

The class of ^f'^/DOs is invariant under changes of 7f-framed charts (see |BG[ 
Sect. 16], |Po5| Appendix A]). Therefore, we can extend the definition of ^'^DOs to 
the Heisenberg manifold {AI'^^^, H) and let them act on sections of a vector bundle 
f over M as follows. 

Definition 2.8. ^^(Af, £), m G C, consists of continuous operators P from 
C^{M,£) to C^{M,£) such that: 

(i) The Schwartz kernel of P is smooth off the diagonal; 

(ii) For any H -framed local chart k : U —> V C M''+^ over which there is a 
trivialization r : S^jj — )■ [/ x C the operator K^T»(i-|[/) belongs to ^^(y,C^) := 
*^(V^) ® EndC''. 

Proposition 2.9 ([BG]). Let P e *^(Af,£), m e C. 

(1) Let Q € (M, f), m' € C, and suppose that P or Q is uniformly properly 
supported. Then the operator PQ belongs to vI/^+™ {M,£). 

(2) The transpose operator P^ belongs to 5'^(M, £*). 

(3) Suppose that M is endowed with a density > and £ is endowed with a 
Hermitian metric. Then the adjoint P* of P belongs to 5*^(71/, £). 

In this setting the principal symbol of a can be defined intrinsically as 

follows. 

Let g*M = {TM/H)*®H* denote the (linear) dual of the Lie algebra bundle qM 
of GM with canonical projection pr : M — > q*M. For m e C we let Sm{2*M,£) 
be the space of sections p S C°°{q*M \ 0, Endpr*£) such that p(x, t.^) = t"^p{x, S,) 
for any t > 0. 
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Definition 2.10 (See [56]). The principal symbol of an operator P e 5'^(Af, £) 
is the unique symbol am{P) in Smis* £) such that, for any a £ M and for any 
trivializing H-framed local coordinates near a, in Heisenberg coordinates centered 
at a we have cr,„(P)(0,^) = Pm(0, where pm{x,S,) is the principal symbol of P 
in the sense of 112. 18\) . 

Given a point a £ M the principal symbol a„i (P) allows us to define the model 
operator of P at a as the left-invariant 'I'DO on SQ{g* M,£a) with symbol PmiO '■= 
o'm(P)(a,C) so that, in the notation of (|2.13p . the operator P"^ is just Op{p'^). 

For TO e C let S'm(g*M, £a) be the space of functions p E C°° (fl*M \ 0, £a) which 
are homogeneous of degree m. Then the product (I2.14p yields a bilinear product, 

(2.21) : S,nAQ*aM,£a) X S^,{Q*aM,£a) ^ S,n,+.^MaM , £a) ■ 

This product depends smoothly on a as much so to gives rise to the bilinear product, 

(2.22) * : S„,,{q*M,£) x S„,MM,£) ^ 5™,+„,, (0*A/, f ), 

(2.23) ^Pm^la^O = ■) *''Pm2(ai Pm, e S*™^. (0*M). 
Proposition 2.11 ([Po5]). Let P e *S(M, £), m e C. 

1) Let Q e {M,£), m' e C, and suppose that P or Q is uniformly properly 
supported. Then we have ara+m'{PQ) — cfm{P) * o'm'iQ), and for any a e M the 
model operator of PQ at a is P'^Q"^. 

2) We have am{P^){x,^) = am{P){x, —£,Y , and for any a £ M the model oper- 
ator of P* at a is (F°)*. 

3) Suppose that M is endowed with a density > and £ is endowed with a 
Hermitian metric. Then we have (Tm(P*)(a;, ^) = am{P)ix,£,)* , and for any a £ M 
the model operator of P* at a is (P°)*. 

In addition, there is a complete symbolic calculus for ^'^DOs which allows us 
to carry out the classical parametrix construction for an operator P G ^'^(M, £) 
whenever its principal symbol am{P) is invertible with respect to the product * 
(see |BGj ). In general, it may be difficult to determine whether (Jm[P) is invert- 
ible with respect to that product. Nevertheless, given a point a € M we have an 
invertibility criterion for P" in terms of the representation theory of GaM; this 
is the so-called Rockland condition (see, e.g., [Rol| . [CGGPj ). We then can com- 
pletely determine the invertibility of the principal symbol of P in terms of the 
Rockland conditions for its model operators and those of its transpose (see |Po5[ 
Thm. 3.3.19]). 

Finally, the ^f/f DOs enjoy nice Sobolev regularity properties. These properties 
are best stated in terms of the weighted Sobolev of [FStj and |Po5| . These weighted 
Sobolev spaces can be explicitly related to the usual Sobolev spaces and allows us 
to show that if P S ^'^(M, £), SRto > 0, has an invertible principal symbol, then 
P is maximal hypoelliptic, which implies that P is hypoelliptic with gain of -y- 
derivatives. We refer to [BGj and |Po5| for the precise statements. In the sequel 
we will only need the following. 

Proposition 2.12 ([BG]). Assume M compact and let P £ *^(M,£), JRto > 0. 
Then P extends to a bounded operator from L'^(M,£) to itself and this operator is 
compact if we further have 5Rm < 0. 
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2.4. Holomorphic families of ^'//DOs. In this subsection we recall the main 
definitions and properties of holomorphic families of 5'^fDOs. Throughout the 
subsection we let (M'^+^, H) be a Heisenberg manifold, we let f be a vector bundle 
over M and we let be an open subset of C. 

Let U C M''+^ be an open of local coordinates equipped with a iJ- frame Xq, . . . , Xd- 
We define holomorphic families of symbols on U X M'^+i as follows. 

Definition 2.13. A family {p{z))z^n C S*{U x K''+-'^) is holomorphic when: 

(i) The order w{z) of p{z) depends analytically on z; 

(ii) For any {x, ^) E U x R''+-'^ the function z —> p{z){x, ^) is holomorphic on ft; 
(Hi) The bounds of the asymptotic expansion 12.18\) for p{z) are locally uniform 

with respect to z, i.e., we have p{z) ~ ^j>QP{z)w(z)-j! p{z)w{z)-j G x 
M'^"'""'^), and, for any integer N , any compacts K CZ U and L C O and any multi- 
orders a and f3, there exists a constant CnkloP > such that, for any {x,z) e 
K X L and any ^ E R"^^^ so that ||^|| > 1, we have 

(2.24) <C^KLa/3|lef'"(^^-^-«^. 

j<N 

In the sequel we let Hol(il, S*{U xIR'^+^)) denote the class of holomorphic families 
with values in S*{U x R'^+^). Notice also that the properties (i)-(iii) imply that 
each homogeneous symbol p(2)to(2)-j(a^, i^) depends analytically on z, that is, it 
gives rise to a holomorphic family with values in C°°{U x (R'*+^\0)) (see |Po5[ 
Rem. 4.2.2]). 

Since \['"°°(C/) = £{£' {U),C°° {U)) is a Frechet space which is isomorphic to 
C°°{U X U) by Schwartz's Kernel Theorem, we can define holomorphic families 
of smoothing operators as families of operators given by holomorphic families of 
smooth Schwartz kernels. We let Hol(17, ^'~°°(C/)) denote the class of such families. 

Definition 2.14. A family {P{z))z£n C ^^(C/) is holomorphic when it can he put 
in the form, 

(2.25) P{z)=p{z){x,-iX) + R{z), zEVL, 

with {p{z))zen € Hol(f^, S*{U X R'^+i)) and {R{z)),en e Hol(f^, *-°°(?7)). 

The above notion of holomorphic families of ^'//DOs is invariant under changes 
of iJ-framed charts (see [Po5 ). Therefore, it makes sense to define holomorphic 
families of ^'//DOs on the Heisenberg manifold (Af^+^j H) acting on sections of the 
vector bundle £^ as follows. 

Definition 2.15. A family {P{z))zen C ^*jj{M,£) is holomorphic when: 

(i) The order w{z) of P{z) is a holomorphic function of z; 

(ii) For ip and ip in (M) with disjoint .supports {ipP{z)'ip)z£n is a holomorphic 
family of smoothing operators; 

(Hi) For any trivialization r : — > [/ x C over a local H -framed chart 
K -.U V C R'^+i the family iK^n{PziJ)zen belongs to Rol{Q,^*„{V,C'')) := 
Hol(f},*^(V^)) (^EndC. 

We let Hol(r2, \I'J^(M, f )) denote the class of holomorphic families of ^'/fDOs on 
M and acting on the sections of £. 
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Proposition 2.16 f [Po5[ Chap. 4]). Let {P{z))zen C *^(Af, be a holomorphic 
family of'^nDOs. 

1) Let (Q(z))zeQ C \['J^(M, £) be a holomorphic family of hDOs and assume 
that {P(z))zi£Q or (Q{z))zi£n is uniformly properly supported with respect to z. Then 
the family {P{z)Q{z))zen belongs to Hol(fi, 

2) Let (j) : (Af, H) (Af H') be a Heisenberg diffeomorphism. Then the family 
{(t)^P{z))zen belongs to Hol(r2, (Af', 

2.5. Complex powers of hypoelliptic vj/^DOs. In this subsection we recall 
the constructions in ^Po5^ and [Po8, of complex powers of hypoelliptic ^f/f DOs as 
holomorphic families of \E'//DOs. 

Throughout this subsection we let (Af'+^j H) be a compact Heisenberg manifold 
equipped with a density > and we let £ be a Hermitian vector bundle over M . 

Let P : C°°{M,8) C°°{M,£) be a differential operator of Heisenberg order m 
which is positive, i.e., we have {Pu, u) > for any u S C°°{M, £), and assume that 
the principal symbol of P is invertible, that is, P satisfies the Rockland condition 
at every point. 

By standard functional calculus for any s e C we can define the power P'^ as an 
unbounded operator on L'^{M,£) whose domain contains C°°{M,£). In particular 
P^^ is the partial inverse of P and we have F° = 1 - Ho(P), where Ho(P) denotes 
the orthogonal projection onto the kernel of P. Furthermore, we have: 

Proposition 2.17 f |Po5[ Thm. 5.3.4]). Assume that H satisfies the bracket con- 
dition H + [H,H] = TM. Then the complex powers {P'^)sec form a holomorphic 
1-parameter group of ^ hDOs such that ordP" = ms Vs G C. 

This construction has been generalized to more general hypoelliptic ^'//DOs 
in [El]. Let P : C'^{M,£) C'^{M,£) be a ^^DO of order m > 0. In jPHS] 
there is a notion of principal cut for the principal symbol am{P) of P as a ray 
i C C \ such that P — A admits a parametrix in a version of the Heisenberg 
calculus with parameter in a conical neighborhood C C \ of P. 

Let 0(P) be the union set of all principal cuts of am{P)- Then 6(P) is an open 
conical subset of C \ and for any conical subset 9 of 6(P) such that 9 \ c 9(P) 
there are at most finitely many eigenvalues of P in 9 (see |Po8| ) . 

Let Lg = {argA = 9}, < 9 < 27r, be a principal cut for am{P) such that no 
eigenvalue of P lies in L. Then is ray of minimal growth for P, so for 3?s < 
we define a bounded operator on L'^{M,£) by letting 



(2.27) Te = {pe''^; oo < p < r} U {re'*;9 >t>9-2TT}U {pe'^'^^^'^V < P < oo}, 

where r > is such that no nonzero eigenvalue of P lies in the disc |A| < r. 

Proposition 2.18 ([Po8]). The family Ii2.26\) gives rise to a unique holomorphic 
family {Pg)s^c of hDOs such that: 

(i) We have ordPg = ms for any s € C; 

(ii) We have the 1-parameter group property Pg^^'^^ — Pg^Pg^ Vsj G C; 
(ill) We have Pg^" = P^P^ for any fc G N and any s G C. 



(2.26) 
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Let Eo{P) — Uj>o ker be the characteristic subspace of P associated to A = 0. 
This is a finite dimensional subspace of C°°(M, £) and so the projection no(P) onto 
Eq{P) and along E{){P*)^ is a smoothing operator (see |Po8| ) . Then we have: 

(2.28) P° = l-Xlo{P), Pg'' = p-\ fc = l,2,..., 

where P^^ denotes the partial inverse of P^ , i.e., the operator that inverts P^ on 
Ea{P*)-^ and is zero on Eq{P). 

Assume further that is not in the spectrum of P. Let Q E ^'J^(M, £) and for 

z € C set Q{z) — QPg^"^. Then {Q{z))zec is a holomorphic family of Vfj/DOs 
such that Qq — Q and ordQ(z) = z + ordQ. Following the terminology of |Gu2] a 
holomorphic family of ^'ijDOs with these properties is called a holomorphic gauging 
for Q. 

3. NONCOMMUTATIVE RESIDUE TRACE FOR THE HEISENBERG CALCULUS 

In this section we construct a noncommutative residue trace for the algebra of 
integer order ^^fDOs on a Heisenberg manifold. We start by describing the loga- 
rithmic singularity near the diagonal of the Schwartz kernel of a ^'j^DO of integer 
order and we show that it gives rise to a well-defined density. We then construct 
the noncommutative residue for the Heisenberg calculus as the residual trace in- 
duced by the analytic continuation of the usual trace to 5'^fDOs of non-integer 
orders. Moreover, we show that it agrees with the integral of the density defined 
by the logarithmic singularity of the Schwartz kernel of the corresponding ^P^fDO. 
Finally, we prove that when the manifold is connected then every other trace on 
the algebra of integer order ^'^fDOs is a constant multiple of our noncommutative 
residue. This is the analogue of a well-known result of Wodzicki and Guillemin. 

3.1. Logarithmic singularity of the kernel of a ^I'^fDO. In this subsection 
we show that the logarithmic singularity of the Schwartz kernel of any integer 
order ^'//DO gives rise to a density which makes sense intrinsically. This uses the 
characterization of ^P^fDOs in terms of their Schwartz kernels, which we shall now 
recall. 

First, we extend the notion of homogeneity of functions to distributions. For K 
in 5'(R''+i) and for A > we let Kx denote the element of 5'(R''+i) such that 

(3.1) (K^J) = X-(''+'\k{x)J{X-\x)) V/e5(R'^+i). 

It will be convenient to also use the notation K{X.x) for denoting K\{x). We say 
that K is homogeneous of degree m, m E C, when K\ = A™ if for any A > 0. 

In the sequel we let E be the anisotropic radial vector field 2xQdxQ +dxi+- ■ ■+dxj , 
i.e., E is the infinitesimal generator of the flow (j>s{0 — s'^-S,- 

Lemma 3.1 ([BGl Prop. 15.24], [CHl Lem. 1.4]). Let p{() e 5,„(R'^+i), m e C. 

1) If m is not an integer < —{d + 2), then p{^) can be uniquely extended into a 
homogeneous distribution r G 5'(R'^~'""'^). 

2) Ifm is an integer < —{d+2), then at best we can extend p{^) into a distribution 
T e 5'(R'^+i) such that 

(3.2) TA = A^T + A" log A Ca(p)5(") for any A > 0, 

{a)=-{m+d+2) 
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where we have let Ca{p) = -^-^ — /||5||=i C"p(C)*-E'^C- particular, p(^) admits a 
homogeneous extension if and only if all the coefficients Ca (p) vanish. 

Remark 3.2. For reader's convenience a detailed proof of this lemma is given in 
Appendix. 

Let T e and let A > 0. Then for any / £ S{M.'^+^) we have 

(3.3) ((f)A,/) -A-('^+2)(r,(A-.n = (r,(/)A> =A-('^+2)((r;,-.r,/)- 

Hence {f)x = A^('^+^^(t;^-i)^. Therefore, if we set m = — (m + d + 2) then we see 
that: 

- T is homogeneous of degree m if and only if f is homogeneous of degree m; 

- T satisfies p.2p if and only if for any A > we have 

(3.4) f(A.y) = A™f(y) - A* log A ^ (2^)-('^+i)c„(p)(-z2/)". 

(a) — m 

Let /7 C M''+^ be an open of local coordinates equipped with a iJ- frame Xq, . . . , Xd- 
In the sequel we set No = N U {0} and we let 5r(,g(K'^^^) be the space of tempered 
distributions on ]R'^+^ which are smooth outside the origin. We endow 5rgg(R'^^^) 
with the weakest locally convex topology that makes continuous the embeddings of 
5;gg(IR'*+i) into 5'(R^+i) and C°°(R''+i\0). In addition, recall also that if is a 
topological vector space contained in T>'{W^'^^) then C°° {U)^E can be identified 
as the space C°°{U, E) seen as a subspace oiV^U x R'*+^). 

The discussion above about the homogeneity of the (inverse) Fourier transform 
leads us to consider the classes of distributions below. 

Definition 3.3. JCm{U x R''+^), m e C, consists of distributions K{x,y) in 
C°°(C/)(g)5;gg(R^+i) such that, for any X>0, we have: 

^ ^ ^^^1 A™i^(x,2/) + A™logAE(«)=™C;f^c<(a;)2/" */meNo, 

where the functions CK,a{x), (o) — m, are in C°°{U) when m e Nq. 
Remark 3.4. For 5Rm > we have K^iU x R'^+^) C iU)^C^^^' {R'^+^) , where 



denotes the greatest integer < 5Rto (see |Po51 Lemma A.l]). 



r Sim V 
I 2 

Definition 3.5. /C'"([/ x M^'+^), to G C, consists of distributions K{x,y) inV{U x 
jjrf+i^ tiiit/i an asymptotic expansion K ~ X]j>o^™+i' ^ ^i{U x R'''^"'^), in the 
sense that, for any integer N , as soon as J is large enough K — X]j< / ^m+j is in 
C^(t/ X R'^+i). 

Remark 3.6. The definition implies that any distribution K e /C™(J7 x R''+^) is 
smooth on U X (R''+^\0). Furthermore, using Remark 13.41 we see that for 3?to > 
we have /C"(;7 x R'^+i) c C°° {U)^C^^y {R'^+^). 

Using Lemma 13.11 we can characterize homogeneous symbols on U X R'^+i as 
follows. 

Lemma 3.7. Let m G C and set rh — —{m + d + 2). 

1) If p(x,^) e Sm{U X R'^+-'^) then p{x,£,) can be extended into a distribution 
t{x,^) e C°°(C/)(8)5;gg(R'*+i) such that K{x,y) := f^^y{x,y) belongs to /C™(C/ x 
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jjci+i-j^ Fitrt/iermore, ifm is an integer < — (d+2) then, using the notation of i3.5\) . 
we have ckA^) = (2^)-('^+i) /||^||^^ 

2) IfK{x,y) e /C™(t/xM''+i) then the restriction ofKy^^{x,0 to U x {M.'^+'^\0) 
is a symbol in x R'^+^). 

Next, for any x G U we let ipx (resp. Sx) denote the change of variable to the 
privileged (resp. Heisenberg) coordinates centered at x (cf. Definitions l2.3l and l2.4|) . 

Let p € Sm{U X R'^+i) and let k{x,y) e C^{U)(hV'{U) denote the Schwartz 
kernel oi p{x,—iX), so that [p{x,—iX)u]{x) = {k{x , y) , u{y)) for any u e C^{U). 
Then one can check (see, e.g., |Po5[ p. 54]) that we have: 

(3.6) k{x, y) = \^/yjp^^y{x, -'ikx{y)) = \e'x\p^^y{x, (j)x{-£x{y)))- 
Combining this with Lemma [37fl leads us to the characterization of ^f/fDOs below. 

Proposition 3.8 (BG, Thms. 15.39, 15.49], [Po5, Prop. 3.1.16]). Consider a con- 
tinuous operator P : C^{U) — > C°°{U) with Schwartz kernel kp{x,y). Let m G C 
and set rh = — (m + d + 2) . Then the following are equivalent: 

(i) P is a hDO of order m. 

(a) We can put kp{x,y) in the form, 

(3.7) kp{x,y) = Wx\K{x,-My)) + R{x,y), 

for some K € /C"(L/ x W^+^), K - J2Krh+j, and some R £ C°°{U x U). 
(Hi) We can put kp{x,y) in the form, 

(3.8) kp{x, y) - \e'x\Kp{x, -ex{y)) + Rp{x, y), 

for some Kp € /C"([/ x Kp ^Y.KpM+], and some Rp G C°^{U x U). 

Furthermore, if (i)-(iii) hold then we have Kp^i{x,y) — Ki{x, (fixiy)) and P has 
symbol p ^ J2j>oPm-j ' "where Pm-j{x,C) is the restriction to U x (R''+"'^\0) of 

{K„r+,)^^^{X,0- 

Now, let U C M."^^^ be an open of local coordinates equipped with a iJ-frame 
Xo, Xi,..., Xd. Let m e Z and let K e /C'"(t/ x K'^+i), K ~ J2j>m Then: 

- For j < —1 the distribution Kj{x,y) is homogeneous of degree j with respect 
to y and is smooth for y 7^ 0; 

- For j = and A > we have Kq{x, X.y) = Ko{x, y) — CKa.a{x) log A, which by 
setting A = ||y||~^ with y ^ gives 

(3.9) Ko{x,y) = Ko{x, \\y\\^^.y) - c^o.o log ||y||. 

- The remainder term K-J2j>i is in C°{UxW^+'^) (cf. Remarks EH and [SH). 
It follows that K{x, y) has a behavior near i/ = of the form, 

(3.10) K{x,y)^ Kj{x,y)~CK{x)\og\\y\\+0{l), ck{x) ^ ck,,o{x). 

m<j< — 1 

Lemma 3.9. Let P e '^^{U) have kernel kp{x, y) and set m = — (m + d + 2). 
1) Near the diagonal kp{x,y) has a behavior of the form, 

(3.11) kp{x,y)= a,{x,-i:x{y))-cp{x)log\\My)\\+0{l), 

rh<j< — l 

withaj{x,y) G C°° {U x {R'^^\0)) homogeneous of degree j iny andcp{x) G C°°{U). 
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2) If we write kp{x,y) in the forms |5'. 7p and i3.8\} with K(x,y) and Kp{x,y) 
in JC^lu X R'^+i), then we have 

(3.12) cp(x) = K|cj^(x) = \e'JcKp{x) = J^y+i ^^^^ ^ P-(d+2) (a;, O^-E^C, 
where P-(d+2) denotes the symbol of degree ~{d + 2) o/ P. 

Proo/. If we put kp{x, y) in the form JSJl) with i-T G /C*(t/ x R'^+i), X - ^m+j , 
then it follows from p.lOp that kp{x,y) has a behavior near the diagonal of the 
form (|3.1ip with cp{x) = \^'^\ck{x) = \^p'^\cKo,o{x). Furthermore, by Proposi- 
tion 13.81 the symbol p-(^d+2){x,^) of degree —{d + 2) of -P is the restriction to 
U X (R''+i\0) of {Ko)^^^{x,S,), so by Lemma [XT] we have c^(cc) = cko,o{^) 

(2^)-('^+i)/ii^ii^^p_(,+2)(a:,e)»ijde 

Next, if we put kp{x,y) in the form with Kp e /C''"(C/ x M'^+i), Kp - 

S-^Pm+j then by Proposition 13.81 we have Kpfl{x,y) — Ko{x,(t)x{y))- Let A > 0. 
Since 4)x(\-y) = X.(l)x{y), using (13. 5p we get 

(3.13) Kp^Q{x,X.y) - Kpfl{x,y) = Ko{x, X.(l)x{y)) - Ko{x,(j>x{y)) ^ CK„{x)logX. 

Hence c/fp„(a;) = c/f^o(a;). As |e^| = I^^MV'LI = IV'LI we see that l^'Jcxix) = 
\e'x\cKp{x). The proof is thus achieved. □ 

Lemma 3.10. Let (j) : U ^ U be a change of H -framed local coordinates. Then for 
any P G *S(C/) we have c^,p{x) = \(t)' {x)\cp{(t>{x)) . 

Proof. Let P ^(j)*P. Then P is a ^//DO of order ttz on U (see [BGj ). Moreover, 
by [Po5[ Prop. 3.1.18] if we write the Schwartz kernel kp{x,y) in the form p.8p 
with Kp{x, y) in JC™{U x M''+^), then the Schwartz kernel kp{x, y) of P can be put 
in the form ([23) with Kp{x, y) in /C"(t/ x M'^+i) such that 

(3.14) Kp{x,y)^ -^a^0{x)y^{d^Kp){4>{x),ct^'H{x).y), 

where we have let aa^(x) = a^[|i9y(e^(^)O(/)oe-i)(y)|(e^(^)O0o£-i(?;)-(/)^(a;)?;)°]|^^g, 
the map <j>'j^{x) is the tangent map (|2.7p . and denotes the change to the Hcisen- 
berg coordinates at i G C/. In particular, we have 

(3.15) Kp{x,y)^aoo{x)Kpi^{x),(j)'H{x).y) mod 2/,/C"+i(C/ x M'^+i), 
where aoo(x) = |e^(^)||0'(a;)||4|-i. 

Notice that ^(x, y) :— Kp{(j){x), (t)'fj{x).y) is an element of IC"^{U x R^'+-^), since 
we have 0^(a;).(A.y) = X.{<j)'jj{x).y) for any A > 0. Moreover, the distributions in 
yjK,*{U X R''^^), j — 0, .., d, cannot have a logarithmic singularity near ?/ = 0. To 
see this it is enough to look at a distribution H{x,y) G /C~'(J7 x R''+-'^), I G Nq. 
Then H(x, y) has a behavior near ?/ = of the form: 

(3.16) H{x,y)= bk{x,y)-CH{x)\og\\y\\+0{l), 

-;<fe<-i 

with bk{x,y) homogeneous of degree k with respect to the ^/-variable. Thus, 

(3.17) yjH{x,y)^ ^ yjbk{x, y) ~ CH{x)yj\og\\y\\ + 0{1). 

-I<k<-1 
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Observe that each term yjbk{x, y) is homogeneous of degree fc + 1 with respect to 
y and the term yjlog||j/|| converges to as ?/ — > 0. Therefore, we see that the 
singularity of yjH{x, y) near y = Q cannot contain a logarithmic term. 

Combining the above observations with (|3.14|) shows that the coefficients of the 
logarithmic singularities of Kp{x,y) and aQf){x)K(x,y) must agree, i.e., we have 
CKp{x) = c„,„k(2;) = am{x)cji{x) = I4(^)||</>'(a;)||4|-^c^(x). Furthermore, the 
only contribution to the logarithmic singularity of K{x,y) comes from 

(3.18) CKp(<^(a;))log||0'^(a;)y|| =CA-(0(x))log[||y||||0'^(a:).(||y|ri.2/||)] 

^CK^{cb{x))\og\\y\\+0{l). 

Hencec^(a;) = CKpiHx)). Therefore, we get c/^^ (x) = |e^(^)||</>'(a;)||4|-ic;f^(0(a;)), 
which by combining with ()3.12p shows that cp{x) — {x)\cp{(j){x)) as desired. □ 

Let P € ^^(A/, £) and let k : J7 ^ y be a iJ-framed chart over which there is 
a trivialization r : £^^, —fUx C". Then the Schwartz kernel of P^^t '■= i'i*T*{P\u) 
has a singularity near the diagonal of the form (|3.1ip . Moreover, if k : U V he 
a i?-framed chart over which there is a trivialization r : £| _ — > [/ x C and if we 
let (j} denote the Heisenberg diffeomorphism K o : k{U n i/) -> k{U n U), then 
by Lemma l3.10l we have cp^ ^{x) — |(/)'(x)|cp- ^{(f){x)) for any x G [/. Therefore, on 
U r\U we have the equality of densities, 

(3.19) T*K*{cp^^{x)dx) =f*k*{cp^^{x)dx). 

Now, the space C~(M, |A|(M) (g) Endf ) of END f -valued densities is a sheaf, so 
there exists a unique density cp{x) G C°°(M, |A|(M) (g) End£) such that, for any 
local if- framed chart k : U V and any trivialization t : U x , we have 

(3.20) cp{x)\u = T*K*(cK^^,(P|^)(x)da;). 

Moreover, this density is functorial with respect to Heisenberg diffeomorphisms, 
i.e., for any Heisenberg diffeomorphism cj) : (Af, H) (Af, H') we have 

(3.21) C0.p(a;) = (l)^{cp{x)). 
Summarizing all this we have proved: 

Proposition 3.11. Let P e *^(A/,£), m G Z. Then: 

1) On any trivializing H -framed local coordinates the Schwartz kernel kp(x,y) 
of P has a behavior near the diagonal of the form. 

(3.22) kp{x,y)= aj{x,-My))-cp{x)\ogUx{y)\\+0{l), 

-(m+d+2)<j<-l 

where cp{x) is given by i3.1S\) and each function aj{x, y) is smooth for y ^ and 
homogeneous of degree j with respect to y. 

2) The coefficient cp{x) makes sense globally on M as a smooth END £-valued 
density which is functorial with respect to Heisenberg diffeomorphisms. 

Finally, the following holds. 

Proposition 3.12. Let P e *JJ(Af,f ), to e Z. 

1) Let P* G ^'^(A/, £*) be the transpose of P. Then we have cpt(x) = cp(a;)*. 
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2) Suppose that M is endowed with a density p > and £ is endowed with 
a Hermitian metric. Let P* e ^'^(Af, he the adjoint of P. Then we have 
cp.{x) = cp{x)* . 

Proof. Let us first assume that £ is the trivial Hue bundle. Then it is enough to 
prove the result in H-hameA local coordinates U C M''^^, so that the Schwartz 
kernel kp{x,y) can be put in the form with Kp{x,y) in IC^iU x M'*+i). 

We know that P* is a *//D0 of order m (see IBGl Thm. 17.4]). Moreover, 
by [Po5i Prop. 3.1.21] we can put its Schwartz kernel kpt{x,y) in the form (|3.8p 
with Kpt{x,y) in /C"(C/ x M'^+i) such that 

(3.23) Kp.{x,y)^ ^ ^ a^p.^s{x)y^+' {d2d^Kp){x-y), 

i{a)<(l3j |7|<I>5|<2|7| 

^heTea^p,s{x) = ^jgi[5^(l<^-i(_^)l(y-£e-(,)(^))"H'(£^'(-y)-^r](^'0). In 

particular, we have Kpt{x,y) = Kp{x, —y) mod yjlC^^^{U x R'^+^). Therefore, in 
the same way as in the proof of Lemma [3. 101 we see that the logarithmic singularity 
near y = of Kp{x, y) agrees with that of Kpt (x, —y)^ hence with that of Kpt [x, y). 
Therefore, we have cx^t {x) = cxp{x). Combining this with (|3.12p then shows that 
Cpt (x) = cp{x). 

Next, suppose that U is endowed with a smooth density p{x) > 0. Then 
the corresponding adjoint P* is a of order m on U with Schwartz ker- 

nel kp*{x,y) = p{x)~^kpt{x,y)p{y). Thus kp*{x,y) can be put in the form (|3.8p 
with Kp. {x,y) in /C™(t/ x R'^+i) such that 

(3.24) Kp,{x,y) = [p{x)-' p{e-\^y))]Kp.{x,y) 

= Kpt{x,y) mod yjlC"'+\U xR'^+^). 

Therefore, Kpt{x,y) and Kpt{x,y) same logarithmic singularity near y = 0, so 
that we have cxp. {x) — CK^t (x) — ckp{x). Hence cp*{x) — cp{x). 

Finally, when £ is a general vector bundle, we can argue as above to show that 
we still have cpt{x) = cp{xY, and if P* is the adjoint of P with respect to the 
density p and some Hermitian metric on £, then we have cp*{x) — cp{x)* . □ 

3.2. Noncommutative residue. Let (Af '^+^, H) be a Heisenberg manifold and let 
£ be a vector bundle over M . We shall now construct a noncommutative residue 
trace on the algebra '^\{M, £) as the residual trace induced by the analytic exten- 
sion of the operator trace to ^'/fDOs of non-integer order. 

Let ^'^*(M,f ) := UsR,„<_(d+2)*S(^>^) the class of ^^DOs whose symbols are 
integrable with respect to the ^-variable (this notation is borrowed from |CM| ). If 
P belongs to this class, then it follows from Remark 13.61 that the restriction to the 
diagonal of M x M of its Schwartz kernel defines a smooth density kp{x,x) with 
values in Endf . Therefore, when M is compact then P is a trace-class operator on 
L'^{M,£) and we have 

(3.25) Trace(P) = / tT£kp{x,x). 

J M 

We shall now construct an analytic extension of the operator trace to the class 
«'^(M,£) of ^H^Os of non-integer order. As in [Gi5] (see also [KV], [CM]) 
the approach consists in working directly at the level of densities by constructing 
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an analytic extension of the map P kp{x,x) to ^'^(Af, £). Here analyticity 
is meant with respect to holomorphic families of 'J'^fDOs, e.g., the map P 
kp(x,x) is analytic since for any holomorphic family {P{z))z^ci with values in 
^''^*(M, £) the output densities kpi^z){x^x) depend analytically on z in the Frechet 
space C°°(M, |A|(M) ® End£). 

Let U C R''+^ be an open of trivializing local coordinates equipped with equipped 
with a iJ- frame Xq, . . . , X^, and for any x G t/ let tAx denote the affine change of 
variables to the privileged coordinates at x. Any P E '^^{U) can be written as 
P = p{x,-iX) + R with p e ^'"(t/ X R''+i) and R e Therefore, if 

< — (d + 2) then using (|3.6p we get 

(3.26) fcp(x,x) = |V;i(27r)-('^+2) j p{x,i)di + kpix^x). 
This leads us to consider the functional, 

(3.27) i(p) (27r)-('^+2) y"p(^)de, p G 5'"'(R'^+i). 

In the sequel, as in Section [2] for ^f/fDOs, we say that a holomorphic family of 
symbols {p{z))z^c C 5'*(M''+"'^) is a gauging for a given symbol p G S'*(M''+"'^) when 
we have p(0) = p and ordp(z) = z + ordp for any z G C. 

Lemma 3.13 f |CMi Prop. 1.4]). 1) The functional L has a unigue analytic con- 
tinuation L to S''^{M.'^~^^). The value of L on a symbol p ^ X]j>o^'™-J order 
m G C\Z is given by 

(3.28) Z(p) = (p-^T„._,y(0), N>^m + d + 2, 

where the value of the integer N is irrelevant and the distribution r„i_j G 5'(M''+"'^) 
is the unigue homogeneous extension of Pm-j{Cj provided by Lemma \3.1l 

2) Letpe S^{R'^+^), p - and let (p(z))^eC C S'*(M''+i) be a holomor- 

phic gauging for p. Then L{p{z)) has at worst a simple pole singularity at z = in 
such way that 

(3.29) Res,=o L{p{z)) ^ [ P-(d+2){^YEdt 

J\\i\\=^ 

where P-(d+2){C) the symbol of degree — (rf + 2) of p{S,) and E is the anisotropic 
radial vector field 2^odxo + ^id^i + . • . + ^dd^d ■ 

Proof. First, the extension is necessarily unique since the functional L is holomor- 
phic on S''"'(M'*+i) and each symbol p G 5'^^(R'^+i) can be connected to 5''^*(M''+i) 
by means of a holomorphic family with values in S"'^^(M''+^). 

Let p G S^{M.'^+^), p ^ E,>oP™-J ' and for j - 0, 1, . . . let t„_, G 5'(M'^+i) 
denote the unique homogeneous extension of pm-j provided by Lemma 13.11 For 
N > ^m-\-d-\-2 the distribution p— ^^^^ Tm-j agrees with an integrable function 
near oo, so its Fourier transform is continuous and we may define 

(3.30) L(p) = (p-^T„_,)^(0). 

Notice that if j > 3ffm-|-d-|-2 then Tm-j is also integrable near oo, so fm-j(O) makes 
well sense. However, its value must be for homogeneity reasons. This shows that 
the value of N in (|3.30p is irrelevant, so this formula defines a linear functional 
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on S"^(M''+i). In particular, if 5Rm < ~{d + 2) then we can take iV = to get 
L{p) = p{0) = J piOd^ = L{p)- Hence L agrees with L on S""'(M'^+i)nS"^^(M'*+i). 

Let (p(z))zgf2 be a holomorphic family of symbols such that w{z) = ordp(z) is 
never an integer and let us study the analyticity of L{p{z)). As the functional L 
is holomorphic on 5""*(M''"'""'^) we may assume that we have \^w{z) — m| < 1 for 
some integer m > — (d + 2). In this case in (|3.30p we can set = m + d + 2 and 
for J = 0, . . . , m + d + 1 we can represent T(z)yj(^z)-i by p{z)w(^z)-i- Then, picking 
if £ C^(M'*+^) such that — 1 near the origin, we see that L{p{z)) is equal to 

(3.31) 

j<m+d+2 j<m+d+2 

= L{p{z)) - (r(z), ^) - E / Pi^U^)-j(0^(Od^^ 

where we have let t (z) = T(z)^(3)_„_(d+2) andp(z) = p{z)-{l-(p) 

In the r.h.s. of (|3.3ip the only term that may fail to be analytic is —{t{z),(p). 
Notice that by the formulas (|A.1[) and (|A.5[) in Appendix we have 



(3.32) {Tiz),(p) = J p{z)w(z)^m-id+2)M0 - i^z{0)dC, 

with V^, e C-(M'^+i) of the form MO - iZwd^M^^Ts + ^)9mdt, where 
g{t) can be any function in C^(M) such that / g{t)dt — 1. Without any loss of 
generality we may suppose that (p{£^) = /i^njn 9{t)dt with g G C^(M) as above. 
Then we have -0^(0 = - „,(4-m g(^°g H-^ID + "^(O- which gives 

(3.33) (t(z),(p) = — ry^ — / Piz)w{z)-rn-{d+2){09i^og\\^\\)d^ 

M-(^)-"g(l0gAi)^ [ p{zUz)^m-id+2){0^Edt 

" Cll=i 



w{z) — m J II 

Together with p.3ip this shows that L{p{z)) is an analytic function, so the the first 
part of the lemma is proved. 

Finally, let p ~ J2Pm-j be a symbol in S'^(R'^+^) and let ip{z))\3iz-m\<i be a 
holomorphic family which is a gauging for p. Since p{z) has order u;(z) = rn + z it 
follows from p.3ip and p.33p that L{p{z)) has at worst a simple pole singularity 
at z = such that 

(3.34) ReSz=o L{p{z)) ^ Res z=o— [ fJ-''gi\ogfi)— [ piz)z-{d+2){0^Edi 

z J M "'11511=1 

P-{d+2){0^Ed£,. 

U\\=i 

This proves the second part of the lemma. □ 
Now, for P e *^^(?7) we let 

(3.35) tp{x) = (27r)-('^+2)K|L(p(x,.)) + fc^(x,a;), 

where the pair (p, R) g S'^^{U x R'^+i) x *°°(f/) is such that P ^ p{x, ~iX) + R. 
This definition does not depend on the choice of (p, R). Indeed, if (p', R') is another 



such pair thenp—p' is in S °°{U xR''+^), so using (|3.26p we that kni {x, x) — kfi{x, x) 
is equal to 

(3.36) fc(p_pO(.,-»x)(2:,x) = (2^)-('^+2)|V^;|L((p-p')(2^,-)) 

= (2^)^(^+2)|^i|(Z(p(x,.))-L(p'(x,.))), 

which shows that the r.h.s. of (|3.35p is the same for both pairs. 

On the other hand, observe that (|3.31|) and (I3.33P show that L{p{x, .)) depends 
smoothly on x and that for any holomorphic family {p{z)){z) S C S'^{U x R'^+^) 
the map z — > L{p{x,.)) is holomorphic from fl to C°°{U). Therefore, the map 
P tp{x) is an analytic extension to ^'^{U) of the map P kp{x, x). 

Let P e ^h{U) and let {P{z))zen C ^*h{U) be a holomorphic gauging for 
P. Then it follows from (|3.3ip and (|3.33p that with respect to the topology of 
C°°{Ad, |A|(Af)(8)End£) the map z tp(^)(x) has at worst a simple pole singularity 
at z = with residue 

(3.37) Res.^o ip(.)(a:) = -(27r)-('^+2) / P-id+2)iO^EdC - -cp(x), 

where p-(^ci+2){0 denotes the symbol of degree — (d + 2) of P. 

Next, let (p : U U he a change of ff-framed local coordinates. Let P E 
^C^^jj-^ and let {P{z))zec be a holomorphic family which is a gauging for P. 
As shown in |Po8| the 5" //DO family {(p* P{z))z^c is holomorphic and is a gaug- 
ing for (j)*P. Moreover, as for diz negatively large enough we have k^.>p(^z) = 
|0'(a:)|fcp(2) (0(a;), (/)(a;)), an analytic continuation gives 

(3.38) t^,p{x) - \^'{x)\tp{4>{x)). 

Now, in the same way as in the construction of the density cp{x) in the proof 
of Proposition l3.111 it follows from all this that if P e ^^(A/, £) then there exists 
a unique End£-valued density tp{x) such that, for any local iJ- framed chart k : 
U V and any trivialization t : S^^ —^ U x <C^ , we have 

(3.39) tp{x)\u ^ T* K* {t^_^r,iPf^){x)dx). 

On every trivializing if- framed chart the map P tp{x) is analytic and satis- 
fies p.37p . Therefore, we obtain: 

Proposition 3.14. 1) The map P tp{x) is the unique analytic continuation of 
the map P kp{x, x) to *^^(Af, £). 

2) Let P e ^'|f(M, f) and let {P{z))zen C ^*ff{M,£) be a holomorphic family 
which is a gauging for P. Then, in C°°{M, |A|(Af) End£), the map z tp(z)(a;) 
has at worst a simple pole singularity at z = with residue given by 

(3.40) Reaz^otp{z){x) = -cp(x), 

where cp{x) denotes the Yiwd £ -valued density on M given by Theorem \3.11\ 

3) The map P ^ tp{x) is functorial with respect to Heisenberg diffeomorphisms 
as in ( TOT)) . 

Remark 3.15. Taking residues at z = in (|3.38p allows us to recover p.2ip . 
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From now one we assume M compact. We then define the canonical trace for 
the Heisenberg calculus as the functional TR on '^'^{M,£) given by the formula, 

(3.41) TRP:= / tr£tp(a;) VP G *^^(Af, £). 

J M 

Proposition 3.16. The canonical trace TR has the following properties: 

1) TR is the unique analytic continuation to "i''^{A-I,£) of the usual trace. 

2) We have TRP1P2 = TRP2P1 whenever ordPi + ordPa ^ Z. 

3) TR is invariant by Heisenberg diffeomorphisms, i.e., for any Heisenberg dif- 
feomorphism <j) : (M, H) (M', H') we have TR0*P = TRP VP G ^-^^(7^,5). 

Proof. The first and third properties are immediate consequences of Theorem 13. 14[ 
so we only have to prove the second one. 

For j = 1, 2 let Pj G *J^(M, S) and let {Pj{z))^^c C *^(M, £) be a holomorphic 
gauging for Pj. We further assume that ordPi + ordPj ^ Z. Then Pi{z)P2{z) and 
P2(z)Pi(2:) have non-integer order for z in C\ E, where S :— — (ordPi +ordP2) +Z. 
For iRz negatively large enough we have Trace Pi (z)P2(2:) = Trace P2(2;)Pi(z), so by 
analytic continuation we see that TRPi(2;)P2(z) = TRP2(z)Pi(2:) for any 2 € C\E. 
Setting z = Q then shows that we have TRP1P2 = TRP2P1 as desired. □ 

Next, we define the noncommutative residue for the Heisenberg calculus as the 
linear functional Res on ^'^(M, f) given by the formula, 

(3.42) ResP:= / tr £ cp{x) \fPe^H{M,£). 

This functional provides us with the analogue for the Heisenberg calculus of the 
noncommutative residue trace of Wodzicki ( |Wolj . |Wo3| ) and Guillemin [Gulj . for 
we have: 

Proposition 3.17. The noncommutative residue Res has the following properties: 

1) Let P £ 'i'f[{M,£) and let {P{z))zen C ^'J^(M, f) be a holomorphic gauging 
for P. Then at z = the function TRP(z) has at worst a simple pole singularity 
in such way that we have 

(3.43) Res^=o TR P(z) = - Res P. 

2) We have ResPiPj — ResP^Pi whenever ordPi + ordP2 G Z. Hence Res is a 
trace on the algebra '^^{M,£). 

3) Res is invariant by Heisenberg diffeomorphisms. 

4) We have ResP* = ResP and ResP* = ResP for any P G ^jj{M,£). 

Proof. The first property follows from Proposition 13.141 The third and fourth 
properties are immediate consequences of Propositions 13.111 and 13.121 

It remains to prove the 2nd property. Let Pi and P2 be operators in 5'J^(Af, £) 
such that ordPi +ordP2 G Z. For j = 1,2 let {Pj{z))^eC C *^/(M, £) be a holomor- 
phic gauging for Pj. Then the family (Pi(|)P2(f ))^6C (resp. (P2(f )Pi (j))^ gc) is a 
holomorphic gauging for P1P2 (resp. P2P1). Moreover, by Proposition 13 . 161 for any 
z G C\Z we have TRPi(§)P2(§) = TRP|(z)Pi(§. Therefore, by taking residues 
at z = and using p.43|) we get ResPiPj ~ ResP2Pi as desired. □ 
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3.3. Traces and sum of commutators. Let (Af''+^, H) be a compact Heisenberg 
manifold and let £ be a vector bundle over M. In this subsection, we shall prove 
that when M is connected the noncommutative residue spans the space of traces 
on the algebra ^'|f(M, £). As a consequence this will allow us to characterize the 
sums of commutators in 'i>^{M,£). 

Let H C TIR'^+^ be a hyperplane bundle such that there exists a global iJ- frame 
Xq,Xi, . . . ,Xd of rM''+^. We will now give a series of criteria for an operator 
P G to be a sum of commutators of the form, 

(3.44) P = [.To, Po] + . . . + [xd, Pd], Pj e (R''+^). 

In the sequel for any x e R'^^-^ we let ipx denote the afRne change of variables to 
the privileged coordinates at x with respect to the iJ- frame Xg, . . . , Xd- 

Lemma 3.18. Let P e *^'''+^\m''+1) have a kernel of the form, 

(3.45) kp{x,y) = \^',\Ko{x,-^b,iy)), 

where Ko(x,y) € /Co(IR'^'^"'^ x R'^+-'^) is homogeneous of degree with respect to y. 
Then P is a sum of commutators of the form \S.44^ . 

Proof. Set V:r(y) = A{x).{y - x) with A e C°^{K^+^ ,GLd+i{W^+^)) and for j, k = 
0, . . . , d define 

(3.46) K,^{x,y) := A,k{x)y''^' \\y\\-^K^{x,y), {x,y) eW+^ xW'+^Q, 

where (3q = \ and /3i = . . . = /3d = 3. As Kjk{x,y) is smooth for y 7^ and is 
homogeneous with respect to y of degree — 2 if j = and of degree —1 otherwise, 
we see that it belongs to /C*(R x M). Therefore, the operator Qjk with Schwartz 
kernel kg.^ = \ip'jKjk{x, -ipxiy)) is a ^f/fDO. 

Next, set A-^{x) = {A^''{x))i<j^k<d- Since Xk - yk = -Ta=q A^\x)'4)x{y)i we 
deduce that the Schwartz kernel of Yl'j k=o\-^k^ Qjk] is \'4''^\K{x, —ipxiy)), where 

(3.47) K{x,y)= ^ A'^\x)yiA,k{x)y'^^\y\\-'Ko{x,y) 

0<j,k,l<d 

= E y-'^'\\y\\-*Ko{x,y)^Ko{x,y). 

0<]<d 

Hence P — X]^fe=o[^fci Qjk]- The lemma is thus proved. □ 

Lemma 3.19. Any R e *-°°(M'*+i) can be written as a sum of commutators of 
the form 

Proof. Let kji(x,y) denote the Schwartz kernel of R. Since kii{x,y) is smooth we 
can write 

(3.48) kR{x,y) = kii(x,x) + {xq - yo)kii^,{x,y) + . ■ . + {xd - yd)kR^{x,y), 

for some smooth functions fcfl„(a;,?/), . . . , kii^{x,y). For j = 0, . . . , c? let Rj be the 
smoothing operator with Schwartz kernel kfi^ {x,y), and let Q be the operator with 
Schwartz kernel kQ{x,y) — kji{x,x). Then by p.48[) we have 

(3.49) R = Q^[xq,Rq\ + ... + [xd,Rd]- 

Observe that the kernel of Q is of the form (13.45^ with Kr\(x. v) — \ip'j.\''^kii{x,x). 
Here Ko{x,y) belongs to ICo{R'^'^^ x K'^+^) and is homogeneous of degree with 
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respect to y, so by Lemma 13.181 the operator Q is a sum of commutators of the 
form (|3.44p . Combining this with (|3.49p then shows that R is of that form too. □ 

Lemma 3.20. Any P e \E'^(R'^+^) smc/i that cp{x) — is a sum of commutators 
of the form /[3.44\ )- 

Proof. For j = 0, . . . , d we let aj{x, ^) — X]fc=o '^jk{x)^k denote the classical symbol 
of -iXj. Notice that a{x) := (crjfe(a;)) belongs to C°°{R'^+\GLd+i{C)). 

(i) Let us first assume that P = (%9)(a;, -iX) for some q e S^{U x M'^+i). Set 
QaixTS,) — q{x,a{x,^)). Then we have 

[q{x,-iX),Xk] = [qa{x,D),Xk] = £>) = ^ cr/fc(a:)(%g)(a::, -iX). 

Therefore, if we let (cr'^'(x)) be the inverse matrix of a{x), then we see that 
Y,W^''{xM^,-^X),Xk] = ^<T^''=(x)a,fc(x)(%g)(x,-zX) = -zX) = P 

k k,l 

Hence P is a sum of commutators of the form (|3.44p . 

(ii) Suppose now that P has symbol p J2j<mP3 '^ith P-(d+2) — 0- Since 
pi{x,^) is homogeneous of degree I with respect to ^, the Euler identity, 

(3.50) 2^o94oP/ + Cid^.pi + ...+ ^dd^^pi = Ipi, 
implies that we have 

(3.51) 2d^,{^oPi) + d^.iCm) + ■ ■ ■ + = {l + d+2)pi. 

For j = 0, . . . , d let g'-'^ be a symbol so that q^^'' ^ ^i^-{d+2)i^ + d + 2)^^^jpi. 
Then for l^-{d + 2) the symbol of degree I of 2d(^gq^°^ + d^^.q'-^'^ + ... + is 
equal to 

(3.52) {l + d + 2)-i(2%(eop0 + % i^iPi)) + ■■■ + d^A^pi)) = PI. 

Since P-(d+2) = this shows that p — 2d^gq^"^ + d^^q'^^^ + ... + d^.q^"^^ is in 
S'-°°(R''+i X M'^+i). Thus, there exists R in ^'-°°(R'*+i) such that 

(3.53) P = 2{d^J°^){x, -iX) + (%(7^i))(x, ~iX) + . . . + (%g('*))(x, -zX) + i?, 

Thanks to the part (i) and to Lemma [3.191 the operators {d^-q^^''){x,—iX) and 
R are sums of commutators of the form (|3.44p . so P is of that form as well. 

(iii) The general case is obtained as follows. Let p_(d+2)(a;,0 be the symbol 
of degree — (d + 2) of P. Then by Lemma [3?7l we can extend p-i^d+2){x,£,) into a 
distribution t{x, in C°"(K''+i)(^5'(R'^+i) in such way that Ko{x, y) := f^-,yix, y) 
belongs to K.q{U.'^'^^ x M''+^). Furthermore, with the notation of (|3.5p we have 
Ck,o{x) = {2tt)~^'^'^^^ /||^||^j^p_(d+2)(a;7'C)^B'^C- Therefore, by using (|3.12|) and the 
fact cp{x) is zero, we see that ck,o{x) = \ip'^\~^cp{x) = 0. In view of (|3.5p this 
show that Ko{x, y) is homogeneous of degree with respect to y. 

Let Q g ^'^(''^^^(R'^+i) be the *hDO with Schwartz kernel \^'jKo{x, -^^(y)). 
Then by Lemma [3.181 the operator Q is a sum of commutators of the form (|3.44p . 
Moreover, observe that by Proposition [3l8] the operator Q has symbol q ^ q-(d+2), 
where for ^ ^ we have q-(d+2){x,0 = iKo)y^^{x,0 = P-{d+2){x,£.)- Therefore 
P — Q is a Vl/irDO whose symbol of degree — (d + 2) is zero. It then follows from 
the part (ii) of the proof that P — Q is a sum of commutators of the form (|3.44p . 
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All this shows that P is the sum of two operators of the form (|3.44p . so P is of that 
form too. □ 

In the sequel we let 5*1^ cl^''^^) 5'^°°(M''+^) respectively denote the classes 
of ^'hDOs and smoothing operators on M''+^ with compactly supported Schwartz 
kernels. 

Lemma 3.21. There exists T e ^'^^f+^^M'^+i) such that, for any P e 'i'jj^^{R'^+^) , 
we have 

(3.54) P=(ResF)r mod [*ff^^(R'^+i), ^'^^^(R'^+i)]. 

Proof. Let P e *|f^(R''+i). We will put P into the form ([334| in 3 steps. 

(i) Assume first that cp{x) = 0. Then by Lemma [3. 201 we can write P in the form, 

(3.55) P^[xo,Po] + ... + [xd,Pdl Pje*|(M'^+i). 

Let X and -0 in C^{M.'^'^^) be such that ip{x)ip{y) = 1 near the support of the kernel 
of P and X = 1 near supp-f/;. Since ^Pip = P we obtain 

d d d 

(3.56) P = Y,i^{^d,Pd]i^ = Y.^Xd,ijPd^] = ^[xxd, VPdV']. 

j=0 3=0 j=Q 

In particular P is a sum of commutators in "if^ ^{W^^^). 

(ii) Let Fq e have kernel krg{x,y) — —log\\(f)x(y)\\ and suppose that 

P = cFoV' where c G C^{R'^+^) is such that / c{x)dx = and V G (M'*+i) is 
such that "0 = 1 near suppc. First, we have: 

Claim. If c € C^(R'*+^) is such that / c{x)dx = 0, then there exist cq, . . . ,Cd in 
Qooj-jgd+i) g^pjj ^^^^ c = d.j;„co + . . . + d^^Cd. 

Proof of the Claim. We proceed by induction on the dimension In dimension 1 
the proof follows from the the fact that if c G C^(R) is such that c{xo)dxo — 0, 
then c{xo) = J^°^ c{t)dt is an antiderivative of c with compact support. 

Assume now that the claim is true in dimension d and under this assumption let 
us prove it in dimension d + 1. Let c G C^(M''+^) be such that J^d+i c{x)dx — 0. 
For any {xq, . . . ,Xd-i) in W'- we let c{xo, . . . ,Xd~i) = J^c{xo, . . . , Xd-i, Xd)dxd. 
This defines a function in C^(R'^) such that 

(3.57) / c{xo, ■ ■ ■ ,Xd^i)dxo ■ ■ -dxd-i ^ c{xn, . . . ,Xd)dxo ■ ■ -dxd = 0. 

Since the claim is assumed to hold in dimension d, it follows that there exist 
Co, . . . , Cd_i in C^{R'^) such that c = Y^jZo ^x^Cj. 

Next, let ip G C^(R) be such that (p{xd)dxd = 1. For any {xq, . . . ,Xd) in R''+^ 
we let 

(3.58) b(xo, ...,Xd)= c{xo, ...,Xd)- (p{xd)c(xo, . . . , Xd-i). 
This defines a function in C^{R'^+^) such that 



(3.59) / b{xo, . ■ ■ ,Xd)dxd = c{xo, . . . , Xd)dxd ~ c{xo, ■ ■ ■ , Xd-i) = 0- 

J —OO J ~OQ 

Therefore, we have 6 ~ dx^Cd, where Cd{xo, . . . , Xd) '■= b{^o^ • ■ • ; Xd-i,t)dt is a 
function in C^{R'^+^). 
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In addition, for j — 0, . . . , d—1 and for (xq, • . . , xj) in R'^^^ we let Cj{xo, . . . ,Xd) = 
ip{xd)c{xo, . . . ,Xd-i). Then cq, , . . . ,Cd-i belong to C^(R'^+^) and we have 

(3.60) c(xo, . . . , Xd) = 6(3:0, .■.,Xd) + ip{xd)c{xo, . . . , Xd-i) 

d~l d 
= dxdCdixo, ...,Xd) + (p{xd)^da:jCj{xQ, . . . ,Xd-l) = ^d^jCj. 

This shows that the claim is true in dimension d+l. The proof is now complete. □ 

Let us now go back to the proof of the lemma. Since we have J c{x)dx = the 
above claim tells us that c can be written in the form c = X]^=o ^i'^i with cq, . . . , 
in {M.'^'^^). Observe also that the Schwartz kernel of [9a;j,ro] is equal to 

(3.61) {d,^-dy^)[^iog\\My)\\] 

= "^i^x, - dy^)[ekiix){xi - yi)][d^^ log 

k,l 

= ^{xk - yk)idx,£ki)ixhki-Tpx{y))Uxiy)\r^, 

k,l 

where we have let 70 (y) = ^Vo and •jkiy) — J/^, k = l,...,o?. In particular 
k[Q^ -pg^{x,y) has no logarithmic singularity near the diagonal, that is, we have 

C[a,^.,ro](2^) = 0. 

Next, let -0 e {R'^'^^) be such that — 1 near supp c U supp ci U • • • U supp Cd 
and let x G C^(M'*+^) be such that x = 1 near supp?/'. Then we have 

(3.62) [xdx^ , CjToij] = [dx^ , c^Tq?/-] = [9,^. , c,]ro?^ + c, [d,^ , Tq] + c,To [d,^ , i>] 

Since CjTodxjip is smoothing and Cc-[g^ , ,ro]i>ix) — CjC[g^ , Xo]i^) = we deduce from 
this that P is of the form P = Ej=o [xi^a;, , Cj Tq-^] + Q with Q £ *ff^(M''+i) such 
that cq{x) = 0. It then follows from the part (i) that P belongs to the commutator 
space of *|r <,(R'*+i). 

(iii) Let p € C^{W^+^) be such that / p{x)dx = 1, let e C^{W^+^) be 
such that ip = 1 near suppp, and set T = pToip. Let P G ^{M.''''^^) and let 
ip G C^(M''"'"^) be such that ip — 1 near supp cp U suppi/'. Then we have 

(3.63) P = (ResP)r+ (ResP)pro(Vi- 7/>) + (cp - {YlesP)p)Tai} + P - cpTQii. 

Notice that {Res P) pT o{i} - ^j) belongs to ^'^°°(M''+i). Observe also that the 
logarithmic singularity of P— cpFo?/' is equal to cp(a;) — ^{x)cp{x) — 0. Therefore, 
it follows from (i) that these operators belong to commutator space of ^^ff (.(M**"^^). 
In addition, as J {cp{x) — (Res P)p{x))dx = we see that (cp — (Res P)p)ro?/' is as in 
(ii), so it also belongs to the commutator space of '^\^{W^'^^). Combining all this 
with (|3.63p then shows that P agrees with (ResP)r modulo a sum of commutators 
in ^'|f^^(M'*+i). The lemma is thus proved. □ 

Next, we quote the well known lemma below. 

Lemma 3.22 ( [Gu3l Appendix]). Any R e '^-°^'{M,£) such that TrP = is the 
sum of two commutators in ^~°°{M,£). 
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We are now ready to prove the main result of this section. 

Theorem 3.23. Assume that M is connected. Then any trace on ^^{M,S) is a 
constant multiple of the noncommutative residue. 

Proof. Letrbeatraceon*^(Af,£). By Lemma|MI]there exists T e 1'^|^+^^(R''+i) 
such that any P = {P,j ) in ^'^^^(M''+\ C) can be written as 

(3.64) P = r ® i? mod [*fr_^(R''+i), *^,^(M'^+i)] (g) M^(C), 

where we have let R = (Res Ptj) e Mr{C). Notice that Ti R^J2 ResPii = Res P. 
Thus R — i(ResP)/r. has a vanishing trace, hence belongs to the commutator space 
of Mr{C). Therefore, we have 

(3.65) P = iResP)r(E)i-Ir) mod .(R-^+S C), *| ,(M^'+\ C^)]. 

r 

Let K : U ^ R'^+^ be a local ff-framed chart mapping onto R'*'*"^ and such that £ 
is trivializable over its domain. For sake of terminology's brevity we shall call such 
a chart a nice H -framed chart. As U is iJ- framed and is Heisenberg diffeomorphic 
to R''^^ and as£ is trivializable over U, it follows from p.65p that there exists 
Tu e '^h[c'^^\u,£i^) such that, for any P G *ff^((C/, £|^), we have 

(3.66) P=(ResP)ra mod ,([/,£, J, *|,,(C/, £,„)]. 

If we apply the trace r, then we see that, for any P e 5*1^ ^{U, £\„), we have 

(3.67) t(P) = Au Res P, A^; := t{Tu). 

Next, let U be the set of points x E M near which there a domain y of a nice 
_ff-framed chart such that Ay — Ajj. Clearly U is a non-empty open subset of M. 
Let us prove that U is closed. Let x € U and let V be an open neighborhood of 
X which is the domain a nice iJ-framed chart (such a neighborhood always exists). 
Since x belongs to the closure of U the setUUV is non-empty. Let y & ULIV. As 
y belongs to U there exists an open neighborhood W oi y which is the domain a 
nice iJ-frame chart such that Aw = Au. Then for any P in ^{V n W,£\yr]w) 
we have t(P) = Ay ResP = Aw Res P. Choosing P so that ResP ^ then shows 
that Ay = Aw = Ajj. Since V contains x and is a domain of a nice TJ-framed 
chart we deduce that x belongs to U. Hence U is both closed and open. As M is 
connected it follows that U agrees with M . Therefore, if we set A — Ajj then, for 
any domain of a nice iJ- framed chart, we have 

(3.68) t(P) = AResP VP e ^^h^A^^^w)- 

Now, let {(pi) be a finite partition of the unity subordinated to an open covering 
{Ui) of M by domains of nice i7-framed charts. For each index i let "0^ € C^{Ui) 
be such that ipi = 1 near supptp^. Then any P S 'i>fj{M,£) can be written as 
P — J2 ViPi^i + where P is a smoothing operator whose kernel vanishes near 
the diagonal of M x M. In particular we have Trace P = 0, so by Lemma [3.221 the 
commutator space of '^/^{M, £) contains R. Since each operator tfiPi^i can be seen 
as an element of ^([/i, ), using (|3.68|) we get 

(3.69) t(P) = ^ t((/3,P?A,) = ^ a Res Lp.Pil), = A Res P. 

Hence we have r = A Res. This shows that any trace on 5'|f(A/, 5) is proportional 
to the noncommutative residue. □ 
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Since the dual of ^'^(Af, £)/[5'^(M, f ), ^-ff (M, £)] is isomorphic to the space of 
traces on '^^{M,£), as a consequence of Theorem 13.231 we get: 

Corollary 3.24. Assume M connected. Then an operator P G 'i/'fj{M,£) is a sum 
of commutators in ^^{M,£) if and only if its noncommutative residue vanishes. 

Remark 3.25. In [EM| Epstein and Mehose computed the Hochschild homology of 
the algebra of symbols ^^(M, f )/\['~°°(M, f ) when (M, iJ) is a contact manifold. 
In fact, as the algebra ^~°°{M,£) is iJ-unital and its Hochschild homology is 
known, the long exact sequence of |Wo4j holds and allows us to relate the Hochschild 
homology of '^jjiM,£) to that of ^jj{M,£)/'^-°^{M,£). In particular, we can 
recover from this that the space of traces on '$fj{M,£) is one-dimensional when 
the manifold is connected. 

4. Analytic Applications on general Heisenberg manifolds 

In this section we derive several analytic applications of the construction of the 
noncommutative residue trace for the Heisenberg calculus. First, we deal with 
zeta functions of hypoelliptic 5'ijDOs and relate their singularities to the heat 
kernel asymptotics of the corresponding operators. Second, we give logarithmic 
metric estimates for Green kernels of hypoelliptic ^P^/DOs whose order is equal to 
the Hausdorff dimension dimM + 1. This connects nicely with previous results 
of Fefferman, Stein and their students and collaborators. Finally we show that 
the noncommutative residue for the Heisenberg calculus allows us to extend the 
Dixmier trace to the whole algebra of integer order ^P/f DOs. This is the analogue 
for the Heisenberg calculus of a well-known result of Alain Connes. 

4.1. Zeta functions of hypoelliptic ^'//DOs. Let {M'^^^,H) be a compact 
Heisenberg manifold equipped with a smooth density > 0, let £ be a Hermitian 
vector bundle over M of rank r, and let P : C°° (M, £) ^ (M, £) be a * i/DO of 
integer order m > 1 with an invertible principal symbol. In addition, assume that 
there is a ray Lg — {arg X — 9} which is is not through an eigenvalue of P and is a 
principal cut for the principal symbol am (P) as in Section [51 

Let (Pg)sgc be the associated family of complex powers associated to 6 as in 
Proposition 12.181 Since {Pg)s£C is a holomorphic family of ^'//DOs, Proposi- 
tion [346] allows us to directly define the zeta function C,e{P] s) as the meromorphic 
function, 

(4.1) Ce(/';s) :=TRP-^ s e C. 

Proposition 4.1. Let E = {-^, -^tl . _ ^ J. 2 j. Then the function 
Ce{P', s) is analytic outside S, and on E it has at worst simple pole singularities 
such that 

(4.2) ReSs=aCe{P;s) =mResPf^'', cr e E. 
In particular, Ce(P; s) is always regular at s = 0. 

Proof. Since ordP^"^ = ms it follows from Proposition 13 . 1 71 that Ce(-F'; s) is analytic 
outside E' :— EU{0} and on E' has at worst simple pole singularities satisfying (|4.2p . 
At s = we have ReSs=o Ce{P', s) = mResPg ~ mRes[l — Ho(P)], but as Ho(P) is 
a smoothing operator we have Res[l — no(P)] ~ — ResHo(P) = 0. Thus Ce{P', s) 
is regular at s = 0. □ 
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Assume now that P is selfadjoint and the union set of its principal cuts is Q{P) = 
C\ [0,00). This inipUes that P is bounded from below (see |Po8| ) . so its spectrum 
is real and contains at most finitely many negative eigenvalues. We will use the 
subscript | (resp. |) to refer to a spectral cutting in the upper halfplane 3A > 
(resp. lower halfplane 3A < 0). 

Since P is bounded from below it defines a heat semigroup e^*^, t > 0, and, as 
the principal symbol of P is invertible, for t > Q the operator e^^^ is smoothing, 
hence has a smooth Schwartz kernel kt{x,y) in {M , £)^C^ [M , £* (g) |A|(M)). 
Moreover, as t ^ 0+ we have the heat kernel asymptotics, 

(4.3) fct(x,a;) ~i-^^t^^a,(P)(a;)+logt^t'=&fc(P)(a;), 

j>0 fe>0 

where the asymptotics takes place in C°°(Af, End£ ® |A|(Af)), and when P is a 
differential operator we have a2j~i{P){x) = bj{P){x) = for all j € N (see |BGS) . 
|Po5j when P is a differential operator and see [Po8| for the general case). 

Proposition 4.2. For j = 0,1,... set = . Then: 

1 ) When aj ^ Z_ we have 

(4.4) ReSs=o-,- tp-s{x) = mcp-.j (x) = T{a-jy^aj{P){x). 

2) For k = 1,2, . . . we have 

(4.5) Ress=-ktp-^s{x) = TOCp.(x) = (-l)^+^klbk{P){x), 

(4.6) lim [tp-s{x) - Tn{s + k)-^cpk{x)] = {-l)''klad+2+mkiP)ix). 

3) For k = we have 

(4.7) limtp-s{x) = ad+2{P){x) - tu„{x)- 

Remark 4.3. When P is positive and invertible the result is a standard consequence 
of the Mellin formula (see, e.g., |Gi|). Here it is slightly more complicated because 
we don't assume that P is positive or invertible. 

Proof. For SRs > set Qs = r(s)-i t'-^e'^^dt. Then we have: 

Claim. The family ((5s)srs>o can be uniquely extended to a holomorphic family of 
^ifDOs parametrized by C in such way that: 

(i) The families (Qs)sec and (P^^'^)sec agree up to a holomorphic family of 
smoothing operators; 

(ii) We have Qq = 1 and Q-k — P'^ for any integer fc > 1. 

Proof of the claim. First, let 11+ (P) and n_(P) denote the orthogonal projections 
onto the positive and negative eigenspaces of P. Notice that n_ (P) is a smoothing 
operator because P has at most only finitely many negative eigenvalues. For SRs > 
the Mellin formula allows us to write 

(4.8) Pf/ = n_(p)Pf^^ + r(s)-iy^ <^n+(p)e-*^- = 0, + Pu(s), 

where P||(s) is equal to 

(4.9) n_(P)pr/-s-ir(s)^ino(P)-n_(P) / t^e"*^— + / i"n+(P)e-*^— . 
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Notice that (n^{P)P^^'^)s£C and (s ^r(s) ^no(P))sgc ai'e holomorphic famihes of 
smoothing operators because n_(P) and no(P) are smoothing operators. More- 
over, upon writing 

(4.10) n_(F) /\^e-*^- = n_(p)( /\^e-*^-)n_(p), 

Jot Jo t 

(4.11) t^n+(P)e-*^- = e-^^( t^n+(P)e-*^- 

Jl t Jl/2 t 

we see that (n_(P) /g^ t'e-'-^^f )srs>o and (/^°° t^n+(P)e-*-f'f )sr.>o are holomor- 
phic famihes of smoothing operators. Therefore (P|| (s))sjfs>o is a holomorphic 
family of smoothing operators and using (|4.8p we see that (Qs)srs>o is a holomor- 
phic family of ^'i^DOs. 

Next, an integration by parts gives 

(4.12) r(s + l)PO,,+i = [' t'^ie^'P) = e-^ + s f t'-^e-'^dt. 

Jo Jo 

Since T{s + 1) = sr(s) we get 

(4.13) Qs^ PQs+i-Tis + l)-^e-P, 5Rs>0. 
An easy induction then shows that for fc = 1, 2, . . . we have 

(4.14) Qs - P^Qs+k - r{s + kr^P'^-^e-P + . . . + (-1)'^T(5 + ly^e-^. 

It follows that the family {Qs)'}is>o has a unique analytic continuation to each half- 
space 5Rs > —k for k = 1,2,..., so it admits a unique analytic continuation to C. 
Furthermore, as for 5Rs > —k we have P-^^* = P'^P^^^^'^^^ we get 

(4.15) Qs-Z'f/ = P^'i?u(« + fc)-r(s + fc)-ip^-ie-^ + ... + (-l)^r(s + l)-ie-^, 

from which we deduce that {Qs — P^^^)us>-k is a holomorphic family of smoothing 
operators. Hence the families (Qs)sgC and (P|^*)sgc agree up to a holomorphic 
family of smoothing operators. 
Finally, we have 

(4.16) Qi = no(P) + / (1 - no(P))e-*^di = no(P) - P-I(e-^ - 1). 

Jo 

Thus setting s = 1 in (|4.13p gives 



(4.17) Qo = P[no(P) - P-i(e-^ - 1)] + = -(1 - no(P))(e- 



e 



-p 



= i-no(P) + noe-^ = 1. 

Furthermore, as r(s)~^ vanishes at every non-positive integer, from ()4.14p and (|4.17p 
we see that we have Q-k = P^Qo = for any integer A; > 1. The proof of the 
claim is thus achieved. □ 

Now, for j = 0, 1, ... we set a, = ^^^^^^ As (Pti {P^i - Qs)sec is a 
holomorphic family of smoothing operators, the map s — > ifi^^(s)(a^) is holomorphic 
from C to C°°{M, |A|(M) (g) End£). By combining this with Proposition we 
deduce that for j = 0, 1, ... we have 

(4.18) ReSs=o-j tp-s (x) = mcp-a^ [x) = ReSs=<jj tq^ [x), 
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Moreover, as for fc = 1, 2, . . . we have R^i{—k) = we also see that 

(4.19) Um [tp-s (x) - m{s + ky^Cpk (x)] 

s^ — k Ti 

= Km [tq^ {x) - [s + k)~^ ReSs=-fe tg^ [x)]. 

S — > — k 

Similarly, as P^^ = 1 - Ilo{P) = Qq ~ no(P) we get 

(4.20) lim tp-^s{x) = lim tQ^{x) - tuoix). 

Next, let kq^ {x, y) denote the kernel of Qs- As Qs has order —ms, for JRs > 
this is a trace-class operator and thanks to (|4.3p we have 



1 

s-l) 



(4.21) r{s)kQ^{x,x) ^ t''-'kt{x,x)dt. 

Jo 

Moreover (|43l) implies that, for any integer > 0, in C°°(M, End f (g) |A|(M)) we 
have 

(4.22) kt{x,x)^ J2 t'"'aj{P){x)+J2{t'''^ogt)bk{P)ix)+Oit^). 

-<jj<N k<N 

Therefore, for Sfts > the density r{s)kQ^{x, x) is of the form 

(4.23) ( /' t^'"' t)«.(^)(^) + E ( /' \ogAb,iP)ix) + ris)h^A^), 

a,<N ^ k<N ^ 

with hN,s{x) e Hol(5Rs > -A^, C°°(M, End£ (g) |A|(M)). Since for a > we have 

(4.24) / t"logi— = / t°'-^dt = , 

Jo t a Jo 

we see that kq^ (x, x) is equal to 

(4.25) r(s)-i ^«.(^)(^) - r(s)-i r^iT^^^^^)^^) + '^^.^(^)- 

Since r(s) is analytic on C \ (Z_ U {0}) and for fc = 0, 1, . . . near s = —k we have 
r(s)-i - (-l)'=fc!(s + ky^ , we deduce that: 

- when cTj ^ N we have Res^^o-j tgA^) = r(crj)^^aj(F)(x). 

- for fc = 1, 2, . . . we have 

(4.26) ReSs=-ktQM = {-l)''+^klbk{P){x), 

(4.27) lim [tQ,{x) ~ (s + fc)-iRes,=_fctQ^(a;)] = (-l)^'fc!ad+2+™fe(P)(x). 

s — > — k 

- for fc = we have limg^o ^Qsi^) = ad+2(-P)(a^)- 

Combining this with (liTT5)) - ((i:^ then proves the equalities □ 



From Proposition 14.21 we immediately get: 
Proposition 4.4. 1) For j = 0, 1, . . . let Gj = '''^^^^ ■ When aj ^ Z_ we have: 

(4.28) Res,=,^- CnC^;*) = wResP-"^ = T{a,)-^ [ tr£a,{P){x). 

Jm 
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2) For fc = 1, 2, . . . we have 

(4.29) RcSs=-kCniP-^s)^rnResP'' = {-lf+^k\ [ trebk{P){x), 

J M 

(4.30) lim [CTi(P;s)-m(s + fc)-iResP'] = (-l)'=fc! / ii£ ad+2+,nk{P){x). 

3) For k — we have 

(4.31) Cn(^; 0) = / tv£ ad+2{P){x) - dimkerP. 

J M 

Next, for fc = 0, 1, . . . let Xk{P) denote the (fc+l)'th eigenvalue of P counted with 
multiphcity. Then by [Po5| and |Po8| as fc ^ oo we have the Weyl asymptotics, 

(4.32) A,(P) ^ f-^) , MP) = r(l + ^)-i / tr^ ao{P){x). 

Now, by Proposition 14.41 we have 

(4.33 / tr£ao(P X =mr )ResP"— = - — -r(l + )ResP- 

Jm m a + 2 m 

Therefore, we obtain: 
Proposition 4.5. As k oo we have 

(4.34) Afe(P) ~ f-^y^' , z.o(P) = (d + 2)-iResP-^. 



d + 2 



MP) 

Finally, we can make use of Proposition 14.41 to prove a local index formula for 
hypoelliptic ^j^DOs in the following setting. Assume that £ admits a Z2-grading 
£ = £+®£_ and let D : C°° (M, £) C°° (M, £) be a selfadjoint *ijDO of integer 
order m > 1 with an invertible principal symbol and of the form, 

(4.35) ^ = ( ^o" ) ' ^± • ^"(^^'^±) ^ C-(M,£:^). 

Notice that the selfadjointness of D means that D*^ — 

Since D has an invertible principal symbol and M is compact we see that D is 
invertible modulo finite rank operators, hence is Fredholm. Then we let 

(4.36) ind D := ind = dim ker — dim ker . 
Proposition 4.6. Under the above assumptions we have 

(4.37) indi:>== / stT£ad+2iP>^)ix): 

J M 

where stig :— tr£+ — tr^- denotes the supertrace on the fibers of £. 

Proof. We have = ^ ^ D^D ) ^^'^ D^D± ~ D*±D±- In particular, 

D^D± is a positive operators with an invertible principal symbol. Moreover, for 
5fs > ^ the difference C,{P>-D+\ s) - C{D+D-'-,s) is equal to 

(4.38) X%dimkeT{D^D+ - A) - dimker(P>+P>_ - A)) = 0, 

A>0 
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for D induces for any A > a bijection between ker(£'_i)-|_ — A) and ker(_D+_D_ — A) 
(see, e.g., |BGV| V By analytic continuation this yields C(i^--D+; 0) — C(£'+-D_; 0) = 
0. 

On the other hand, by Proposition 14.41 we have 
(4.39) C(^T^±;0)= / tr£^ad+2{DTD±){x)-A:imkerD^D±. 

JM 

Since dimkeT DzfzD± = dimkerZ?± we deduce that indZ? is equal to 
(4.40) 

/ ti£^ad+2{D+D^){x)^ tr£_ ad+2{D-D+){x) ^ sirs ad+2{D^){x). 

JM JM JM 

The proof is thus achieved. □ 

4.2. Metric estimates for Green kernels of hypoelliptic ^'//DOs. Consider 
a compact Heisenberg manifold {M'^~^^ , H) endowed with a positive density and let 
£ be a Hermitian vector bundle over M. In this subsection we shall prove that the 
positivity of a hypoelliptic ^//DO pertains in its logarithmic singularity when it 
has order —(dim M + I). As a consequence this will allow us to derive some metric 
estimates for Green kernels of hypoelliptic \I>DOs. 

Let P : C°°(M,£) C°°{M,£) be a 4- //DO of order m > whose principal 
symbol is invertible and is positive in the sense of |Po5| . i.e., we can write am{P) = 
q*q* with q G 5™ {g*M, £). The main technical result of this section is the following. 

Proposition 4.7. The density ti-£ c^_d+2 (x) is > 0. 

We will prove Proposition 14. 71 later on in the section. As a first consequence, by 
combining with Proposition 14. 21 we get: 

Proposition 4.8. Let ao(P)(a;) be the leading coefficient in the small time heat 
kernel asymptotics |^.,?[ ) for P. Then the density trg aQ{P){x) is > 0. 

Assume now that the bracket condition H + [H, H] = TM holds, i.e., i? is a 
Carnot-Caratheodory distribution in the sense of (Groj . Let g be a Riemannian 
metric on H and let dnix, y) be the associated Carnot-Caratheodory metric on M. 
Recall that for two points x and y of M the value of duix, y) is the infinum of the 
lengths of all closed paths joining a; to y that are tangent to H at each point (such 
a path always exists by Chow Lemma). Moreover, the Hausdorff dimension of M 
with respect to dn is equal to dimM + 1. 

In the setting of general Caratheodory distributions there has been lot of interest 
by Fefferman, Stein and their collaborators for giving metric estimates for the 
singularities of the Green kernels of hypoelliptic sublaplacians (see, e.g., |FS| . [Maj . 
[NSW], [S^). This allows us relate the analysis of the hypoelliptic sublaplacian to 
the metric geometry of the underlying manifold. 

An important result is that it follows from the maximum principle of Bony [Boj 
that the Green of kernel of a selfadjoint hypoelliptic sublaplacian is positive near 
the diagonal. In general the positivity of the principal symbol does not pertain in 
the Green kernel. However, by making use of Proposition 14.71 we shall prove: 

Theorem 4.9. Assume that H + [H, H] = TM and let P : C°°{M) -> C°°(M) be 
a '9 hDO of order m > whose principal symbol is invertible and is positive. Let 
k^_d+2{x,y) be the Schwartz kernel of P^~^. Then near the diagonal we have 

(4.41) ^p~^ ^ ""^p-^ logdH(x, y). 
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In particular k^_d+2 {x,y) is > near the diagonal. 

Proof. It is enough to proceed in an open of H-iramed local coordinates U C M'^+^. 
For X E U let ipx be the afSne change to the corresponding privileged coordinates 
at X. Since by Proposition 14.71 we have c _d±2{x) > 0, using Proposition 13.111 

we see that near the diagonal we have k ^_d+2_{x,y) ^ —Cp_i±i{x)\og\\ipx{y)\\- 
Incidentally, we see that k^_d±2 {x,y) is positive near the diagonal. 

On the other hand, since H has codimension one our definition of the privileged 
coordinates agrees with that of [Be] . Therefore, it follows from [Be| Thm. 7.34] 
that the ratio remains bounded in (0,oo) near the diagonal, that is, we 

have \ogdH{x,y) ^ logWtpxiy)]]- It then follows that near the diagonal we have 
k^_d±i [x, y) ^ —c^_d±2 [x) logd/f (x, y). The theorem is thus proved. □ 

It remains now to prove Proposition |4?7l To this end recall that for an operator 
Q e ^'^(Af, 5), I e C, the model operator Q"^ at a given point a G M is defined as 
the left-invariant ^'//DO on So{GaM,£) with symbol q°'{S,) = ai{Q){a,£^). Bearing 
this in mind we have: 

Lemma 4.10. Let Q G jJ"'^^^\m,£) and let be its model operator at a point 



1) We have cqo.{x) = cgadx, where cqa is a constant and dx denotes the Haar 
measure ofGaM. 

2) In Heisenberg coordinates centered at a we have cq(0) = cga. 

Proof. Let Xq, Xi, . . . , Xd he a H frame near a. Since GaM has underlying set 
(TaM/Ha) ® Ha the vectors Xo{a), . . . ,Xd{a) define global coordinates for GaM, 
so that we can identify it with equipped with the group law (|2.10|) . In these 

coordinates set q°'{S,) := (t_(^^2) 0- Then (|2.16p tells us that corresponds 
to the operator q°-{—iX^) acting on iSo(K'^^^), where Xq, . . . , X^ is the left-invariant 
tangent frame coming from the model vector fields at a of Xo, . . . , Xd- 

Notice that the left-invariance of the frame , . . . , X°i implies that, with respect 
to this frame, the affine change of variables to the privileged coordinates centered 
at any given point x E R'^+^ is just tpxiv) = V-^^^ ■ bi view of (|2.10p this implies 
that ji/;^ ] — 1. Therefore, from (|3.12p we get 



Since the Haar measure of GaM corresponds to the Lebesgue measure of M'*+^ this 
proves the 1st part of the lemma. 

Next, by Definition 12.101 in Heisenberg coordinates centered at a the principal 
symbol (y-(d+2){Q){^^C) agrees at a; = with the principal symbol q-(d+2){^TC) 
of Q in the sense of (|2.18p . so we have (/"^(C) = 9-(d+2)(0, 0- Furthermore, as 
we already are in Heisenberg coordinates, hence in privileged coordinates, we see 
that, with respect to the iJ-frame Xq, . . . , Xd, the affine change of variables V'o to 
the privileged coordinates centered at the origin is just the identity. Therefore, by 
using (I3.12P and (|4.42p we see that cq(0) is equal to 



a e M. 



(4.42) 




(4.43) 




The 2nd part of the lemma is thus proved. 



□ 
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We are now ready to prove Proposition [ITTl 



Proof of Proposition |^.7[ For sake of simplicity we may assume that £ is the trivial 
line bundle, since in the general case the proof follows along similar lines. Moreover, 
for any a € M hy Lemma 14.101 in Heisenberg coordinates centered at a we have 
c d+2 (0) — c d+2 . Therefore, it is enough to prove that c d+2 is > for 

any a ^ M . 

Let a € M and let Xq, . . . ,Xd be a i?-frame near a. By using the coordinates 
provided by the vectors Xo(a), . . . , Xd{a) we can identify GaM with M'^+^ equipped 
with the group law (P7TU)l . We then let C TR'^+^ be the hyperplane bundle 
spanned by the model vector fields X", . . . ,X2 seen as left-invariant vector fields 
on M'^+^. In addition, for any z S C we let := (Jz{P^){a, ^) be the principal 

symbol at a of P m ^ seen as a homogeneous symbol on R''+^\0. Notice that by |Po5[ 
Rem. 4.2.2] the family {p{z))zeC is a holomorphic family with values in C°°(R'^"'""'^\0). 

Let X e C;?°(R'^+i) be such that xiO = 1 near ^ = 0. For any z e C and for any 
pair ip and ip of functions in C^(R'^"''^) we set 

(4.44) p{z){0 ■■= {I - x)piz) and P^^^{z) -.^ ipp{z)i-tX-)i;. 

Then {p{z))zec and (P(p,^(z))zGC are holomorphic families with values in S'*(M''+"'^) 
and ^t^a (]R''+^) respectively. 

Notice that P^^ji,{z) has order z and the support of its Schwartz kernel is con- 
tained in the fixed compact set supp (f x supp ^, so by Proposition l2 . 1 21 the operator 
P(p,ili{z) is bounded on L^(R'^+^) for ^z < 0. In fact, by arguing as in the proof 
of [Po5[ Prop. 4.6.2] we can show that (-P(^,V'(2:))srz<o actually is a holomorphic 
family with values in £(L2(Mrf+i)). 

Moreover, by |Po5[ Prop. 4.6.2] the family {P^,,p(z)*)zec is a holomorphic family 
with values in \l/^a (R'^"'""'^) such that ordP^^^(z)* = z for any z £ C Therefore 
(P^_^(z)P^_^(z)*)jf^^_ d+2 is a holomorphic family with values in ^f'^* (R'^+^). For 
any z e C let k{z){x,y) denote the Schwartz kernel of P^^^{z)Ptp^^{z)* . Then the 
support of k{z){x,y) is contained in the fixed compact set supp(/3 x supp(^, and 
by using [2211 we can check that {k{z)(x,y))^^^_d+2 is a holomorphic family of 
continuous Schwartz kernels. It then follows that (P(^,i/)(z)Pip_^(z)*)jj^^_d+2 is a 

holomorphic family with values in the Banach ideal £^(L^(R'^+^)) of trace-class 
operators on L'^{R'^+^). 

Let us now choose -0 so that -0 = 1 near supp (p. For any t e M the operator P~ 
is selfadjoint, so by Proposition 12 . Ill its principal symbol is real- valued. Therefore, 
by Proposition 12 . 1 II the principal symbol of {P^p^^{t)P^^^{t)*) is equal to 

(4.45) [wim [Mi)^] = W?P{t) * Pit) = l¥'l'p(2i). 

In particular, the principal symbols of Pi^.^(— ^y^)Pi^.^(— ^^)* and P\^\2_^{—{d + 
2)) agree. By combining this with Lemma [4. 101 we see that 

(4-46) cp^,^(_i^+2)p^_^(_d+2).(x) = cp|^|, ^(_(<i+2))(a;) = \vix)\''c^^_i^^^. 
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It then follows from Proposition 13. 141 that we have: 

(4.47) c^^_(di2i^^( J \vix)\^dx) = j Cp^^(_d+2)p^_^(_d+2).(x)dx 

2 2 '' 

= lim _L^Trace[P^,V'(-0^^,v>(-i)1 >0. 
t^[^±t2)]- t+ — 

Thus, by choosing if so that j \if\'^ > we obtain that c (d+2) is > 0. 

Assume now that c {d+2) vanishes, and let us show that this assumption 

leads us to a contradiction. Observe that {Pkp,^{ ^^^'^'^^ )J^y,^/> C'~''2'''^"' )*)zgC is 
holomorphic gauging for Pip,^{—^^)Pip^^{—^^)*- Moreover, by (|4.46p we have 
Cd / <i+2>D , d+2-,t{x) — \w{x)\'^c (d+2) = 0. Therefore, it follows from 

Proposition 12.111 that TRP^_^(z)P^_^(z)* is analytic near z — In particu- 

lar, the limit lim -(d+2) - Trace P^_^(t)P^^^(t)* exists and is finite. 

*^ 2 

Let (^fc)fe>o be an orthonormal basis of L^(E''+^) and let N eN. For any t > ^ 
the operator P^^^{t)P^^^{t)* is trace-class and we have 

(4.48) iPvAt)P^Aty^k,^k) <Trace[P^,^{t)P^,^ity]. 

()<k<N 

As t the operator P^,^{t)P^^^it)* converges to P>^,^(-^^)Pv,v(-^)* 

in C{L'^ . Therefore, letting t go to in (|448l) shows that, for any 

e N, we have 
(4.49) 

E iP^A-^^)P^A-^r^k,^k) < lim Trace[P^,^(i)P^,^(t)1 <oo. 

0<k<N 2 I 

This proves that Pi^,^(— ^Y^)P(p.v>(~^^)* is a trace-class operator. Incidentally, 
we see that P(^,^,(— ^y^) is a Hilbert-Schmidt operator on L^(R''+^). 

Next, let Q e ^'„f^(R'^+M and let 9(2;, ^ G 5_d+2(R'^+i x W'+^) be the prin- 

2 

cipal symbol of Q. The principal symbol of ipQ^ is (p(a;)9(a:, ^). Moreover, since 
for any z £ C we have p{z) *p{—z) = p{0) = 1, we see that the principal symbol of 
i^Qi'P^.,^{^)P^,i,{-^) is equal to 

, , , , , ,^ + 2, , , , d + ^ ,d + 2^ , 

(4.50) (■(/'#) * Ki'VK-^^m * VPVK ^fq* Pi^—) * P( —) ^ fl- 

Thus (pQip and ipQi}Pti)^^{^^)P,p^^{— ^-^) have the same principal symbol. Since 
they both have a compactly supported Schwartz kernel it follows that we can write 

(4.51) ipQ^P = mP^A^i^)PvA^^^) + Qi^ 
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for some operator Qi e "^h"^ ^{W^^^) with a compactly supported Schwartz 
kernel. Observe that: 

- the operator '4'Q''l'Pip,ip{^^) is a zero'th order ^f/fDO with a compactly sup- 
ported Schwartz kernel, so this is a bounded operator on L^(R'*+^); 

37 



- as above-mentioned -P(^,^(— is a Hilbert-Schmidt operator; 

- as QlQi belongs to 4''^'^(R''+^) this is a trace-class operator, and so Qi is a 
Hilbert-Schmidt operator. 

Since the space of Hilbert-Schmidt operators is a two-sided ideal, it 

follows from (I4.5ip and the above observations that (pQip is a Hilbert-Schmidt 
operator. In particular, by [GKl p. 109] the Schwartz kernel of (pQi/j lies in 

We now get a contradiction as follows. Let Q G {R'^^^) have Schwartz 

kernel, 

(4.52) kQ{x,y) = m'miy)\\-'^, 

where is the change to the privileged coordinates at a with respect to the H""- 
frame X§,...,X^ (this makes sense since HyH"^ is in /C_ d+2 (M'^+i x R'^+^)). As 
alluded to in the proof of Lemma [4. 101 the left-invariance of the frame Xq, . . . , X°[ 
implies that ip'^iy) — y.x~^. Therefore, the Schwartz kernel of (pQij^ is equal to 

(4.53) k^Q^{x,y) = Lp{x)\\y.x^^\\^^%l){y). 

However, this not an L^-integrable kernel, since |j2/.a;"^||^^'^+^^ is not locally inte- 
grable near the diagonal. 

We have obtained a contradiction, so c d+2 cannot be zero. Since we know 

(p- — y 

that c d+2 is > 0, we see that c d+2 is > 0. The proof of Proposition 14.71 
is thus complete. □ 

4.3. The Dixmier trace of ^//DOs. The quantized calculus of Connes |Co2] 
allows us to translate into the language of quantum mechanics the main tools 
of the classical infinitesimal calculus. In particular, an important device is the 
Dixmier trace ([Dl], [CMl Appendix A]), which is the noncommutative analogue of 
the standard integral. We shall now show that, as in the case of classical ^I'DOs 
(see |Col| ). the noncommutative residue allows us to extend the Dixmier trace to 
the whole algebra of integer order \l//fDOs. 

Let us first recall the main facts about Connes' quantized calculus and the 
Dixmier trace. The general setting is that of bounded operators on a separable 
Hilbert space H. Extending the well known correspondence in quantum mechanics 
between variables and operators, we get the following dictionary between classical 
notions of infinitesimal calculus and their operator theoretic analogues. 



Classical 


Quantum 


Real variable 


Selfadjoint operator on 7i 


Complex variable 


Operator on H. 


Infinitesimal variable 


Compact operator on 7i 


Infinitesimal of order a > 


Compact operator T such that 




Ai„(r) = 0(n-") 



The third line can be explained as follows. We cannot say that an operator T is 
an infinitesimal by requiring that ||T|| < e for any e > 0, for this would give T = 0. 
Nevertheless, we can relax this condition by requiring that for any e > we have 
||r|| < e outside a finite dimensional space. This means that T is in the closure of 
finite rank operators, i.e., T belongs to the ideal /C of compact operators on 7Y. 
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In the last line Hn{T) denotes the (n + l)'th characteristic value of T, i.e., the 
{n + l)'th eigenvalue of |T| = {T*T)^ . In particular, by the min-max principle we 
have 

f^n{T) = inf{|lT£;i|l;dim£; = 7i}, 

(4.54) = dist(r, 7?.„), TZn = {operators of rank < n}, 

so the decay of fJ-niT) controls the accuracy of the approximation of T by finite 
rank operators. Moreover, by using (|4.54p we also can check that, for S, T in /C 
and A, B in >C(7i), we have 

(4.55) liniT + S) < ^i,,{T) + ^in{S) and ^jl^{ATB) < \\A\\iin{T)\\B\\, 

This implies that the set of infinitesimal operators of order a is a two-sided ideal 
oiOTL). 

Next, in this setting the analogue of the integral is provided by the Dixmier 
trace ([Di], [CMl Appendix A]). The latter arises in the study of the logarithmic 
divergency of the partial traces, 

Af-l 

(4.56) Tracejv(T) = ^ ^„(r), T e K, T > 0. 

The domain of the Dixmier trace is the Schatten ideal, 

(4.57) £(i'°°) = {T e /C; ||r||i,oo sup < oo}. 

log A* 

We extend the definition of Trace^v (T) by means of the interpolation formula, 

(4.58) a),{T)=ini{\\x\\i + \\\y\\-x + y^T}, A > 0, 

where |ja;||i := Trace |a;| denotes the Banach norm of the ideal of trace-class 
operators. For any integer A'' we have aN{T) = TraceAr(T). In addition, the 
Cesaro mean of (J\{T) with respect to the Haar measure ^ of R!^- is 

logAJg log A A 

Let C{n)+ = {T e C{n); T > 0}. Then by [CHl Appendix A] for Ti and T2 in 
n C{H)+ we have 

(4.60) |ta(Ti + T2) - rA(ri) - T^iT2)\ < 3(||ri||(i,^) + ||T2||(i^oo))^^^|^. 

Therefore, the functionals ta, A > e, give rise to an additive homogeneous map, 

(4.61) T : £(1^°°) n £{H)+ — > Cf,[e, oo)/Co[e, c5o). 

It follows from this that for any state ui on the C*-algebra Cb[e,oo)/Co[e,oo), i.e., 
for any positive linear form such that = 1, there is a unique linear functional 
Tr^ : £(i^°°) C such that 

(4.62) Tr^T ^oj{t{T)) VT e C^^^'°°'> D £{H)+. 

We gather the main properties of this functional in the following. 
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Proposition 4.11 ([Di], [CM] ). For any state ui on Cb[e,oo)/Co[e,oo) the Dixmier 
trace Tr^ has the following properties: 

1) If T is trace-class, then Tr^ T ^ 0. 

2) We have Tr^(T) > for any T e £(1'°°) n C{n) + . 

3) If S : TL' Ti is a topological isomorphism, then we have T^TuiM' (T) ~ 
T'^u.'H.iSTS^^) for any T G C^^'°°\7i'). In particular, Tr^^ does not depend on 
choice of the inner product on Ti.. 

4) We have Tr^ AT = Tr^ TA for any A e £{H) and any T e C'-^'^^^ that is, 
Ttui is a trace on the ideal C^^''°°K 

The functional Tr^^ is called the Dixmier trace associated to ui. We also say that 
an operator T G is measurable when the value of Tr^^ T is independent of 

the choice of the state lu. We then call the Dixmier trace of T the common value, 



(4.63) 




:= Tr^ T. 



In addition, we let M denote the space of measurable operators. For instance, if 
T G /C n £(7Y)+ is such that lim^v^oo lo^pf '^n=o l^niT) = L, then it can be shown 
that T is measurable and we have j-T = L. 

An important example of measurable operator is due to Connes |Col] . Let 
TL be the Hilbert space L'^{M,£) of i^-sections of a Hermitian vector bundle 
over a compact manifold M equipped with a smooth positive density and let 
P : L'^{M,£) ^ L'^(M,£) be a classical *D0 of order -dimM. Then P is 
measurable for the Dixmier trace and we have 

(4.64) 4 P = \ , Res P, 
^ ' J dimM 

where Res P denotes the noncommutative residue trace for classical ^I^DOs of Wodz- 
icki f [Wol| . [^^3]) ^i^d Guillemin |Gul| . This allows us to extends the Dixmier 
trace to all ^iDOs of integer order, hence to integrate any such '^T)0 even though 
it is not an infinitesimal of order < 1. 

From now one we let (7\f'*+^,_ff) be a compact Heisenberg manifold equipped 
with a smooth positive density and wc let £ be a Hermitian vector bundle over M . 
In addition, we recall that by Proposition 12. 121 anv P G '^'^{M,E) with > 
extends to a bounded operator from L'^{M, £) to itself and this operator is compact 
if we further have 5Rm < 0. 

Let P : C'°°{M, £) C°°{M, £) be a positive ^-^00 with an invertible principal 
symbol of order m > 0, and for A: = 0, 1, .. let Xk{P) denote the (/c+1)' th eigenvalue 
of P counted with multiplicity. By Proposition 14.51 when fc — > cxd we have 

(4.65) A.(P)^(^)^, .o(P) = ^ResP-^. 

It follows that for any cr G C with < the operator P'" is an infinitesimal 
operator of order . Furthermore, for a = using ()4.55p we see that 

P~~sr is measurable and we have 

(4.66) ^ """^^^ = dT2 ^""^ ■ 
These results are actually true for general ^'/^DOs, for we have: 
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Theorem 4.12. Let P : L'^{M,£) -> L'^{M,£) be a -^hDO order m with 'Sim < 0. 

1) P is an infinitesimal operator of order (dim Af + l)^^|5Rm|. 

2) If oidP = —(dim A/ +1), then P is measurable and we have 

(4-67) /^=:tt— ^ResP. 



dim M + 1 

Proof. First, let Pq G 'i>\^{AI, £) be a positive and invertible 'J'^DO with an invert- 
ible principal symbol (e.g. Pq — (1+A*A)3 , where A is a hypoelliptic sublaplacian). 
Then PP™ is a zeroth order ^i^DO. By Proposition ?? any zeroth order ^h^O 
is bounded on L^{M,£) and as above-mentioned Pq"^ is an infinitesimal of order 
a := (dimM+ l)"i|3fiTO|. Since we have P = PP^.P^"" we see that P is the prod- 
uct of a bounded operator and of an infinitesimal operator of order a. As (|4.55p 
shows that the space of infinitesimal operators of order a is a two-sided ideal, it 
follows that P is an infinitesimal of order a. In particular, if ordP = —{d+2) then 
P is an infinitesimal of order 1, hence is contained in C^^'°°\ 

Next, let Tr^ be the Dixmier trace associated to a state to on Cf,[e, cx3)/Co[e, oo), 
and let us prove that for any P e ^~^^'^^'^\m, £) we have Tri^ P = Res P. 

Let K : U ^ M.'^'^^ be a 7?-framed chart mapping onto R'^"'"^ such that there is 
a trivialization t : £\u ^ U x C of 5 over U (as in the proof of Theorem 13.231 
we shall call such a chart a nice H -framed chart). As in Subsection 13.31 we shall 
use the subscript c to denote 'f/^DOs with a compactly supported Schwartz kernel 
(e.g. j,(M''+^) denote the class of integer order ^//DOs on whose Schwartz 
kernels have compact supports). Notice that if P £ ^'|f ^(R**"^^, C) then the opera- 
tor T* K*P belongs to '^^{M, £) and the support of its Schwartz kernel is a compact 
subset of [/ xU . 

Since Pq is a positive ^'^f DO with an invertible principal symbol, Proposition l4.7l 
tells us that the density tr£ Cp-(d+2) (x) is > 0, so we can write [tr^ Cp-(d+2) (a;)|j/] — 

Co{x)dx for some positive function cq G C°°(R''+^). Then for any c G C^(R'*+^) 
and any i/j £ C^^R"^^^) such that ^ — 1 near suppc we let 



CO K 



(4.68) P,.^ := (^i:i:i)p-(''+2)(V;o ^). 

Co O K 

Notice that Pc,^ belongs to "ii J''^^^\m , £) and it depends on the choice only 
modulo operators in '^~°°{M,£). Since the latter are trace-class operators and the 
Dixmier trace Tr^^ vanishes on such operators (cf . Proposition 14. lip , we see that 
the value of Tr;^ Pc^^ does not depend on the choice of ip. Therefore, we define a 
linear functional L : C^{R'^+^) C by assigning to any c S C^{m'^+'^) the value 

(4.69) L(c) :-Tr^P,^,^, 

where ip S C^(R'^+"'^) is such that ip ^ 1 near suppc. 

On the other hand, let P e ^'^'f^^^C^, £\u)- Then t,P belongs to ^'^^f^^Ht^- C'') 
*^^f+^^([/) (g) MriC). Set r,P = (P^) and define trP In addition, for 

i, j = 1, . . . , r let Eij € Mr{C) be the elementary matrix whose all entries are zero 
except that on the ith row and jth column which is equal to 1. Then we have 

(4.70) T,P=^{tlP)(g)Ir+J2 'S){Eu-^Ir)+Yl ® ' 
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Any matrix A e Mr (C) with vanishing trace is contained in the commutator space 
[Mr{C),Mr{C)]. Notice also that the space ^^If^^'l^^) ® [A^r(C), Mr(C)] is con- 
tained in [*2j_^(L/,C''),^'^|f+^\[/,C'')]. Therefore, we see that 

(4.71) P=i(trP)®id£ mod f|y),vI.^;f'^(C/,£n;)]. 

Let us write K^[tr£Cp{x)] — ap{x)dx with ap S C^{W^'^^), and let g 
(^ooj-jjd+i-j such that ■)/) = 1 near supp ap. Then we have 

'«*[ctrP„p = (-^y^)-0(2;)K*[tr£C (d+2)(a;)] =ap(x)d.T = K*[tr£ cp(a:;)] = K^Ctr p(a;)]. 

In other words Q := tr P— tr Pap,Tp is an element of ^'^f^c~'^^''(?^) such that cq(x) = 0. 
By the step (i) of the proof of Lemma [3.211 we then can write in the form 
K*<3 = [Xo, Qo] + • • ■ + [Xd-, Qd] for some functions Xo, • ■ • , Xd in C;?°(R'^+i) and 
some operators Qo, ■ ■ ■ ,Qd in 'I'lf p(R'^+^). In fact, it follows from the proof of 
Lemmas 13. 201 and 13.211 that Qo, ■■, can be chosen to have order < —{d + 2). This 
insures us that is contained in [^'^^^(R'^+i), ^'^^f+^^(R''+i)]. Thus, 

(4.72) trP = trP,,.v, mod [*2,,,(;7), vl/^|f ''([/)]. 
By combining this with (|4.7ip we obtain 

P = i(trP)®id£ = i(trP„^,^)®id£ = Pap^^ mod [^°h,M ^\u)^'^hT^\u, S^u)]- 

Notice that [*?^_^(C/, £|[7), ^-^1;^+^^ ({7, £|c/)] is contained in [*?^(Af, £), *^*'^+^^ (M, £)], 
which is itself contained in the commutator space [£(L^(Af)), (M)] of 

As the Dixmier trace Ti^^ vanishes on the latter space (cf. Proposition l4. 1 ip we de- 
duce that 

(4.73) Tr^ P - Tr^ Pa^,^, = L{ap). 

Now, let c G C?°(R'^+i) and set ci = — . In addition, let V G C?°(R'^+i) be 

such that V' ^ snd -0 = 1 near supp c, and set ci = c o k and ^ — o k. Notice 
that with the notation of (|4.68p we have ciCiPg^'^^'^'^'ip = P\c\2^^. Observe also that 
we have 

As alluded to earlier the trace Trj^ vanishes on smoothing operators, so we get 

(4.74) TT^[{£iP~^4^)i£iP-^i,)*] = Tr^[iiiP-'-''+^^i;] 

= Tr^{ridiP-^''+^^j] = Tr^P|,p,^ = L{\c\). 

Since Tr^^ is a positive trace (cf. Proposition l4.1ip it follows that we have L(|cp) > 
for any c G C^{W^~^^), i.e., L is a positive linear functional on C^{R'^~^^). Since 
any such functional uniquely extends to a Radon measure on Cg°(R'^+"'^), this shows 
that L defines a positive Radon measure. 

Next, let a G W^^^ and let cf){x) = x -I- a be the translation by a on R'^^^. Since 
4>'{x) = 1 we sec that is a Heisenberg diffeomorphism, so for any P G (,(M''+^) 
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the operator </)*P is in ^'^^^(M''+i) too. Set = k"'^ o cp o k. Then by (P?^ we 
have 

(4.75) K^trf C0^,p^_^(x)] = K*0K*[tr£Cp^ ^, (a;)] = (l)^[c{x)dx] = c((/)"^ (a;))da;. 
Since shows that a^^_^p^ ^, (x) = c(0^-^(x)), so from (|4.73p we get 

(4.76) Tr^<^,*Pc,0 =i[co0-i]. 

Let be a compact subset of K'^+^. Then (j)^ gives rise to a continuous Hnear 
isomorpshism 0^* ^ ^k-i(_r')("^' ^ ^K-i(A:+a)(-^^' combining it with a 
continuous hnear isomorphism L'^_i^j^~^{M,£)^ L^_ij^^^^j(A/,£)-'- we obtain a 
continuous hnear isomorphism S* : L'^{M,£) L'^(M,£) which agrees with 0^* on 
(A/, £). In particular, we have 4'k*Pc.iI! = SPc^^S~^. Therefore, by using 
Proposition l4.11l and l4.7()l we see that, for any c e {M.'^^^), we have 

(4.77) L[c] = Tr„ P^,^ = Tr^ SPc,^S-^ - Tr^ 0.*Pc,^ = i[c o <j,'^]. 

This proves that L is translation-invariant. Since any translation invariant Radon 
measure on C^{M.'^'^-^) is a constant multiple of the Lebesgue measure, it follows 
that there exists a constant Au £ C such that, for any c £ C^{M.'^^^), we have 



(4.78) L{c) = Au / c{x)dx. 



Now, combining and (g^H]) shows that, for any P £ J^'^'^\u , £\u) , we 

have 

(4.79) TtujP^Au ap{x)dx^Aui K*[tr£ cp(x)] 

= At/ / tr£ cp{x) = {2T:f+^Au Res P. 

This shows that, for any domain [/ of a nice _ff-framed chart, on J''^^'^^ {U, £\u) the 
Dixmier trace Tr^^ is a constant multiple of the noncommutative residue. Therefore, 
if we let Afi, . . . , be the connected components of M, then by arguing as in the 
proof of Theorem 13.231 we can prove that on each connected component Mj there 
exists a constant Aj > such that 

(4.80) Tr^ P = A, Res P VP G (M, , £\m, ) ■ 

In fact, if we take P = ^qTm (|4:66)) we get A^- = {d + 2)-'^. Thus, 

(4.81) Tr^P = ^-^ResP VP G (A//, £). 

This proves that any operator P £ jJ"'^^^\m , £) is measurable and its Dixmier 
trace then is equal to {d + 2)~^ Res P. The theorem is thus proved. □ 

As a consequence of Theorem l4.12l we can extend the Dixmier trace to the whole 
algebra ^jj{M,£) by letting 

(4.82) j^'^'dT2^^^^ for any P G 1'ff(Af,£). 

In the language of the quantized calculus this means that we can integrate any 
\I'_f/DO of integer order, even though it is not an infinitesimal operator of order > 1. 
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This property wiU be used in Section [S] to define lower dimensional volumes in 
pseudohermitian geometry. 



5. NONCOMMUTATIVE RESIDUE AND CONTACT GEOMETRY 

In this section we make use of the results of |Po5| to compute the noncommutative 
residues of some geometric operators on contact manifolds. 

Throughout this section we let (M^"+^,_ff) be a compact orientable contact 
manifold, i.e., (Af^"+^,77) is a Heisenberg manifold and there exists a contact 1- 
form 6* on M such that H = kere (cf. Section [2|). 

Since M is orientable the hyperplane H admits an almost complex structure 
J g C°°{M,EndH), ,P = -1, which is calibrated with respect to 9, i.e., d9{.,J.) 
is positive definite on H. We then can endow M with the Riemannian metric, 

(5.1) ge,j^0^ + d9i.,J.). 

The volume of M with respect to ge,j depends only on 9 and is equal to 

(5.2) Vole M :=—, ( d9'' A 9. 

n\ Jm 

In addition, we let Xq be the Reeb field associated to 9, that is, the unique vector 
field on M such that txo^* — 1 and Lxod9 = 0. 

5.1. Noncommutative residue and the horizontal sublaplacian (contact 
case). In the sequel we shall identify H* with the subbundle of T*M annihilating 
the orthogonal complement C TM. This yields the orthogonal splitting, 

(5.3) KcT*M={ KlH*)®{9^K*T^M). 

0<k<2n 

The horizontal diff'erential 4.^ : C°°{M,A^H*) -> {M, A^+^ H*) is 

(5.4) db = nb;k+i o d, 

where iTb-k G C°°(M, End AcT*Af) denotes the orthogonal projection onto Aj^H* . 
This is not the differential of a chain complex, for we have 



X, 



1 



(5.5) di = ~Cx„e{d9) = -e{d9)C 

where e{d9) denotes the exterior multiplication by d9. 

The horizontal sublaplacian A^^fc : C°°{M,A^H*) ^ C°°{M,A^+^H*) is 

(5.6) Ab-k = dlkdb-k + db-k-idl-k-^i- 

Notice that the definition of A;, makes sense on any Heisenberg manifold equipped 
with a Riemannian metric. This operator was first introduced by Tanaka |Taj . 
but versions of this operator acting on functions were independently defined by 
Greenleaf [Gr| and Lee [Lej . Since the fact that (M, H) is a contact manifold 
implies that the Levi form (|2.3p is nondegenerate, from [Po5[ Prop. 3.5.4] we get: 

Proposition 5.1. The principal symbol of Ab k is invertible if and only if we have 
k ^ n. 

Next, for fi e {~n,n) we let 

-in+l) r-oo f 

(5-7) P{p^) = — / e-^«o(-^)"deo. 



2"n! J-oo sinh^o' 
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Notice that with the notation of [Po5[ Eq. (6.2.29)] we have p{fi) = (2n + 2)i^{fj,). 
For q ^ n let i'Q{Ab-k) be the coefRcient t'o(P) in the Weyl asymptotics (|4.32p for 
Ab;fe, i.e., we have Res A^.^"^^^ = (2n + 2)h'o{Ai,-k)- By |Po51 Prop. 6.3.3] we have 
z/o(Afc;fc) = 7„fc Vole M, where %k J2p+q=k 2"(p) (g)^^(P - Therefore, we get: 

Proposition 5.2. For k ^ n we have 



(5.8) Res A,-i"+i)=7«fc Vole M, = E 2" M 

p+q=k ^'^^ 

/n particular jnk is a universal constant depending only on n and k. 

5.2. Noncommutative residue and the contact Laplacian. The contact com- 
plex of Rumin Ru] can be seen as an attempt to get a complex of horizontal forms 
by forcing the equalities dl = and (d^)^ = 0. Because of (|5.5p there are two natu- 
ral ways to modify d^ to get a chain complex. The first one is to force the equality 

= by restricting db to the subbundle A2 :— kei e{d9) n A'^H* , since the latter 
is closed under db and is annihilated by dl- Similarly, we get the equality (d^)^ = 
by restricting dl to the subbundle := ker i(d6') n A^H* = {ime{de))-^ D A^H* , 
where t{d6) denotes the interior product with d9. This amounts to replace db by 
TTi o db, where tti is the orthogonal projection onto A^. 

In fact, since d9 is nondegenerate on H the operator e{d6) : A^H* A'^'^H* 
is injective for fc < n — 1 and surjective for k > n + 1. This implies that A2 = for 
k < n and Aj = for fc > n -I- 1. Therefore, we only have two halves of complexes. 
As observed by Rumin [Ru] we get a full complex by connecting the two halves by 
means of the differential operator, 

(5.9) Br:C°^\M,AIH*)^C°°{M,AIH*), Br ^ Cxo + db,n-ie{de)-^db,n, 

where e{d9y^ is the inverse of e{de) : A^^^H* A'^+^H*. Notice that Br is 
second order differential operator. Thus, if we let A*^ — Ai for k = 0, . . . ,n — 1 and 
we let A'^ = Aj^ for fc = n + 1, . . . , 2n, then we get the chain complex, 

(5.10) C°°(M) "^^^ C°°iM, Ai) C°°iM, A"^i) '^"^'^ C°^{M, A?^) ^ 

C°°(M, A^) C°°(Af, A"+i) . . . C°°(M, A2"), 

where dR-k '■— tti o db;k for fc = 0, . . . , n — 1 and dR-k ■= db-k for fc = n, . . . , 2n — 1. 
This complex is called the contact complex. 

The contact Laplacian is defined as follows. In degree fc 7^ n it consists of the 
differential operator A^.^ : C°°(A//, A'^) -> C°°(M, A*-') given by 
(5.11) 

^ _ ( {n - k)dR.k-id*R.k + i"^ ^ ^ + ^)d*R-k+i'^R\k fc = 0, ...,n-l, 
\ {k ~ n ~ l)dR-k-id*R.k + {k - n)d*j^.j,^^dR-k k ^ n + 1, . . . ,2n. 

In degree fc = n it consists of the differential operators Aj^.„j : C°°(M, A") 
C°°{M, Ap, j = 1, 2, defined by the formulas, 

(5.12) AR,nl = {dB,n-ld*R.ny + B*rBr, AR,n2 = B rB*r + {d*R.^+^dR,n) ■ 

Observe that Ar-u, fc 7^ n, is a differential operator of order 2, whereas Afl,;„i 
and A_R;„2 are differential operators of order 4. Moreover, Rumin [Ruj proved that 
in every degree the contact Laplacian is maximal hypoelliptic in the sense of |HN) . 

45 



In fact, in every degree the contact Laplacian has an invertible principal symbol, 
hence admits a parametrix in the Heisenberg calculus (see |JK] . [Po5[ Sect. 3.5]). 

For k n (resp. j = 1,2) we let t'o(Afl;fe) (resp. ;/o(Ajj;„j)) be the coefficient 
vq{P) in the Weyl asymptotics (|4.32p for Ai^:^ (resp. A;j;„j). By Proposition 14.51 

we have Res A^^f^^"^^ — {2n + 2)vq{Is.r.]^) and Res A^.^^^- = (2n + 2)i'o(Afl;„j). 
Moreover, by [Po5[ Thm. 6.3.4] there exist universal positive constants Vnk and Vn,j 
depending only on n, k and j such that v^{/S.ji-^k) — Vnk^cAe M and z^o(A_R:rij) = 
Vn.j Vole M . Therefore, we obtain: 

Proposition 5.3. 1) Fork ^ n there exists a universal constant p„k > depending 
only on n and k such that 

(5.13) Res A" J+i^ = p„fe Vol^ M. 

2) For j = 1,2 there exists a universal constant pn,j > depending only on n 
and j such that 

(5.14) Res A^.^ = p„,, Vole M. 

Remark 5.4. We have Pnk = (2n + 2)i'nk and pn.j = (2n + 2)t'„j, so it follows 
from the proof of |Po5i Thm. 6.3.4] that we can explicitly relate the universal 
constants pnk and pnj to the fundamental solutions of the heat operators Aji-k + dt 
and Ai{;„j + dt associated to the contact Laplacian on the Heisenberg group H^"+^ 
(cf. |Po5[ Eq. (6.3.18)]). For instance, if KQ.k(x, t) denotes the fundamental solution 
of A7?;o + dt on H2"+i then we have p„,o = |j-ii'o;o(0, 1). 

6. Applications in CR geometry 

In this section we present some applications in CR geometry of the noncom- 
mutative residue for the Heisenberg calculus. After recalling the geometric set-up, 
we shall compute the noncommutative residues of some powers of the horizontal 
sublaplacian and of the Kohn Laplacian on CR manifolds endowed with a pseudo- 
hermitian structure. After this we will make use of the framework of noncommu- 
tative geometry to define lower dimensional volumes in pseudohermitian geometry. 
For instance, we will give sense to the area of any 3-dimensional pseudohermitian 
manifold as a constant multiple the integral of the Tanaka- Webster scalar curva- 
ture. As a by-product this will allow us to get a spectral interpretation of the 
Einstein-Hilbert action in pseudohermitian geometry. 

6.1. The geometric set-up. Let (Ai^^"+^,i7) be a compact orientable CR man- 
ifold. Thus (M^"+^,iJ) is a Heisenberg manifold such that H admits a complex 
structure J e C°°(M, EndiJ), = -1, in such way that Ti.o := ker( J-hi) C TcM 
is a complex rank n subbundle which is integrable in Frobenius' sense (cf. Section[2]). 
In addition, we set Tq^i = Ti.o = ker(J — i). 

Since M is orientable and H is orientable by means of its complex structure, 
there exists a global non- vanishing real 1-form such that H — 'ken 6. Associated 
to 6 is its Levi form, i.e., the Hermitian form on Ti^q such that 

(6.1) Le{Z,W) = -ide{Z,W) VZ,T4^eri,o. 

Definition 6.1. We say that M is strictly pseudoconvex (resp. n-strictly pseudo- 
convex) when we can choose 9 so that Le is positive definite (resp. has signature 
{n — K, K, 0) ) at every point. 
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If (M, H) is K-strictly pseudoconvex then 9 is a contact form on M. Then in 
the terminology of [We| the datum of the contact form 6 annihilating H defines a 
pseudohermitian structure on M . 

From now we assume that M is K-strictly pseudoconvex, and we let be a 
pseudohermitian contact form such that Lg has signature (n — k, k, 0) everywhere. 
We let Xq be the Reeb vector field associated to 9, so that lxqS = 1 and LXod9 = 
(cf. Section [5]) , and we let Af C TcM be the complex line bundle spanned by Xq. 

We endow M with a Levi metric as follows. First, we always can construct a 
splitting Tifi = T^Q®T^Q with subbundles T^^ and Tj~q which are orthogonal with 
respect to Le and such that Le is positive definite on T^q and negative definite on 
T^Q (see, e.g., [FSt] . [Po5) ). Set T^^^ = T^^. Then we have the spUttings, 

(6.2) TcM = © Ti,o ® To.i = ® © © © T'^ . 
Associated to these splittings is the unique Hermitian metric h on TcM such that: 

- The splittings (|6.2p are orthogonal with respect to h; 

- h commutes with complex conjugation; 

- We have h{Xo,XQ) = 1 and h agrees with ±Lg on Tf^g. 

In particular, the matrix of Lg with respect to h is diag(l, . . . , 1, —1, . . . , —1), where 
1 has multiplicity n ~ k and —1 multiplicity —1. 

Notice that when M is strictly pseudoconvex h is uniquely determined by 0, 
since in this case T^q = Ti^g and one can check that we have h — 9^ + d9{., J.), 
that is, h agrees on TM with the Riemannian metric gg,j in (|5.1[) . In general, we 
can check that the volume form of M with respect to h depends only on 9 and is 
equal to 

(6.3) vg(x) LllldO'' A9. 

nl 

In particular, the volume of M with respect to h is 

(6.4) Vole M := -ti^ / d9'' A 9. 

n\ Jm 

Finally, as proved by Tanaka |Ta| and Webster |Wej the datum of the pseudoher- 
mitian contact form 9 defines a natural connection, the Tanaka- Webster connection, 
which preserves the pseudohermitian structure of M, i.e., it preserves both 9 and 
J. It can be defined as follows. 

Let {Zj} be a local frame oiTi Q. Then {Xq, Zj, Zj} forms a frame of TcM with 

dual coframe {9, 9^ ,9^}, with respect to which we can write d9 = ihjj:9^ A 9^ . Using 
the matrix (/ijj:) and its inverse {hP^) to lower and raise indices, the connection 1- 
form (jj = (oJj^) and the torsion form = Aj}^9^ of the Tanaka- Webster connection 
are uniquely determined by the relations, 

(6.5) d9^ = 9^ A ujj'' + 9 At'', u^j. + uoj.^ = dh^^, Ajk = Akj. 

The curvature tensor 11^'^ := duj^'^ — lo^ AoJi'^ satisfies the structure equations, 

(6.6) n/- = R^-^i,,fi' A r" + Wfki9' A 9 - W^,fl& A 9 + i9, At-,- it, A 9-,. 

The Ricci tensor of the Tanaka- Webster connection is Pjj. := R/j]^, and its scalar 
curvature is Rn ■— pf ■ 
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6.2. Noncommutative residue and the Kohn Laplacian. The 9;,-coniplex of 

Kohn- Rossi ( [KR] . |Koj ) is defined as follows. 

Let Ai'° (resp. A°'i) be the annihilator of To,! ©A/" (resp. Tqa ©A/") in T^M. For 
g = 0, . . . , n let Ap-' := {A^'")p A {A°'^)i be the bundle of (p, g)-covectors on M, 

so that we have the orthogonal decomposition, 

n 

(6.7) A*T^M = ( Af^«) e (6* A A*T^M). 

p,q=0 

Moreover, thanks to the integrability of Ti q, given any local section rj of A^'"'?, its 
differential drj can be uniquely decomposed as 

(6.8) dri = db-p,qri + db-p^qri + 9 hCxaVi 
where db-p^q-q (resp. db-p^q-q) is a section of A^'-^^^ (resp. A''+^'5). 

2 

The integrability of Ti^o further implies that 9^ = on (0, (7)-forms, so that we 
get the cochain complex ^t-o,* : C°°(M,A"'*) C°°(A/, A°'*+i). On (p, g)-forms 

2 

with p > 1 the operator 9^ is a tensor which vanishes when the complex structure 
J is invariant under the Reeb flow (i.e., when we have [Xq, JX] = J[A'o, X] for any 
local section X of ff). 

Let db-p q be the formal adjoint of db-p,q with respect to the Levi metric of M. 
Then the kohn Laplacian Ub,p,q : C°°(M,'aP'«) C°°{M,AP'1) is defined to be 

(6.9) Ob:p,q = db-pqdb-p^q + db;p,q-ldb-pq_i. 

This a differential operator which has order 2 in the Heisenberg calculus sense. 
Furthermore, we have: 

Proposition 6.2 ([BGJ). The principal symbol ofOb-p^q is invertible if and only if 
we have q ^ k. and q ^ n — k. 

Next, for q ^ {k, n — k} let VQ{^b;p,q) be the coefficient vq{P) in the Weyl asymp- 
totics for □b;p,,. By |Po5l Thm. 6.2.4] we have v^i^bvp^q) = finKpgVolgM, 

where dennpq is equal to 

(6.10) 53 

max(0.q— K)</e<min(g,n— k) 

Therefore, by arguing as in the proof of Proposition 15.21 we get: 
Proposition 6.3. For q^ n and q ^ n — k we have 

(6.11) Res Ul^^q^^ = a„Kp, Vole M, 
where a„Kpq is equal to 

max(0,g— K)<A:<min(g,n— k) 

/n particular Unnpq is a universal constant depending only on n, k, p and q. 

Remark 6.4. Let ao{Db-p^q){x) be the leading coefficient in the heat kernel asymp- 
totics (gJl) for Db-,p,q. By (|44)) we have i^o{Ob-p,q) = ^^^^y Jj^jtiAP.c, ao{nb;p^q){x). 
Moreover, a careful look at the proof of |Po51 Thm. 6.2.4] shows that we have 

(6.13) trAp,? aoiDb-p,q)ix) = {n + ly.anKpqVeix). 
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Since by (|4.4p we have 2c^-(„+i) (x) — (n!) ^ao{Dt-p^q){x), it follows that the equal- 
ity (|6.1ip ultimately holds at the level of densities, that is, we have 

(6.14) c^-^,^+l){x) ^ auKpqVeix). 

Finally, when M is strictly pseudoconvex, i.e., when k = 0, we have: 

Proposition 6.5. Assume M strictly pseudoconvex. Then for q = 1, . . . ,n — 1 

there exists a universal constant a'^^pg depending only on n, p and q such that 

(6.15) Res D-;,^ = a'^^^ f R^dO^ A 9, 

J M 

where i?„ denotes the Tanaka- Webster scalar curvature of M . 

Proof. For q = 1, . . . , rt — 1 let a2{0i,.p_g){x) be the coefficient of i^" in the heat ker- 
nel asymptotics (I4.3P for Ob:p,q. By (|4.4[) we have 2cf-^-,^ (x) = r{n)^^a2{Ob.p^q){x). 

Moreover, by [BGS,, Thm. 8.31] there exists a universal constant a'^pg depending 
only on n, p and q such that trA?,? a2(nf,;p,q)(x) = a'^^pgRndO" A 0. Thus, 



(6.16) ResD-" = / trA^,, c^-^ (x) = a^^, / i?„dr A ^, 

where a'^pg is a universal constant depending only on n, p and q. □ 



6.3. Noncommutative residue and the horizontal sublaplacian (CR case). 

Let us identify H* with the subbundle of T*M annihilating the orthogonal sup- 
plement H^, and let : C°°(M,AJi/*) C°°{M,AIH*) be the horizontal 
sublaplacian on M as defined in (|5.6p . 

Notice that with the notation of (|6.8p we have df, — dt + dt. Moreover, we can 
check that dbd^ + d^db = dbdb + dbdb = 0. Therefore, we have 

(6.17) Ab = Dh + Db, Db := d*bdb + dbdl 

In particular, this shows that the horizontal sublaplacian Af, preserves the bidegree, 
so it induces a differential operator l^b;p,q ■ C°°(M,AP''?) C°°(M,AP'«). Then 
the following holds. 



Proposition 6.6 f IPo5[ Prop. 3.5.6]). The principal symbol of Ab-p^g is invertible 
if and only if we have (p, q) ^ (k^h ~ k) and {p, q) ^ [n — k, k). 

Bearing this in mind we have: 

Proposition 6.7. For {p, q) ^ {K,n — k) and (p, q) ^ (n ~ k, k) we have 

(6.18) Res A-J;+i) = /3„,p, Vole M, 

where Pnnpq is equal to 
(6.19) 

s ^"("r)C-,)("r)C->(^<' 

max(0,g-K)<fe<min(g,n-K) ^ / / \ / Vi / 

max(0,p— K)</<min(p,n — At) 

In particular Pnnpq is a universal constant depending only on n, k, p and q. 
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Proof. Let i'o(^b;p,tj) be the coefScient vq{P) in the Weyl asymptotics (|4.32p for 
^b-p.,q- By |Po5[ Thm. 6.2.5] we have 1^0(^6;^,,) = ^^Pnnpq^oh M , where l3nK.pq 

is given by (|6.19p . We then can show that Res A^^"^^^^ — PnKpq^ole M by arguing 
as in the proof of Proposition 15.21 □ 



Remark 6.8. In the same way as (|6.1ip (cf. Remark I6.4p the equahty (|6.18p holds 
at the level of densities, i.e., we have c^-(„+i) (a;) — PnupqVeix). 

Proposition 6.9. Assume that M is strictly pseudoconvex. For (p, q) ^ (0, n) and 

[p, q) ^ {n, 0) there exists a universal constant P'^p^ depending only n, p and q such 
that 

(6.20) Res A,-;^ = [3'^^^ [ R,,de^^ A 9. 

J M 

Proof. The same analysis as that of [BGSi Sect. 8] for the coefficients in the heat 
kernel asymptotics (|4.3p for the Kohn Laplacian can be carried out for the coeffi- 
cients of the heat kernel asymptotics for ^b;p,q (see [St]). In particular, if we let 
a2{^b;p.q){x) be the coefficient of i^" in the heat kernel asymptotics for ^b;p,q, 
then there exists a universal constant /3„pg depending only on n, p and q such that 
trAp.9 a2{^b;p,q){x) = PnpqRndO^^ A 6. Arguing as in the proof of Proposition 16.51 
then shows that Res A^^ ^ = /J^^^ i?„d0" A 9, where/3^p^ is a universal constant 
depending only n, p and q. □ 

6.4. Lower dimensional volumes in pseudohermitian geometry. Following 
an idea of Connes |Co3| we can make use of the noncommutative residue for classical 
^'DOs to define lower dimensional dimensional volumes in Riemannian geometry, 
e.g., we can give sense to the area and the length of a Riemannian manifold even 
when the dimension is not 1 or 2 (see IPo?] *). We shall now make use of the 
noncommutative residue for the Heisenberg calculus to define lower dimensional 
volumes in pseudohermitian geometry. 

In this subsection we assume that M is strictly pseudoconvex. In particular, 
the Levi metric h is uniquely determined hy 9. In addition, we let Ab-Q be the 
horizontal sublaplacian acting on functions. Then, as explained in Remark 16.81 we 
have c.-(n.+i){x) — /3nVeix), where /3„ = /3nOOO = 2"p(0). In particular, for any / G 

C°°{M) we get c,.-(„+i)(x) = (3nf{x)vg{x). Combining this with Theorem 14.121 

then gives 

Thus the operator 2rt+2 ^^ g^j^Q-^^g recapture the volume form vq(x). 

Since — (2n + 2) is the critical order for a ^//DO to be trace-class and M has 
Hausdorff dimension 2n + 2 with respect to the Carnot-Caratheodory metric defined 
by the Levi metric on iJ, it stands for reason to define the length element of (Af, 9) 
as the positive selfadjoint operator ds such that ((is)^"+^ = A^^^q"'*'^'', that is. 



(6.22) ds := c„A-y^ c„ = (^^) 
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Definition 6.10. For A; = 1, 2, . . . , 2n + 2 the k- dimensional volume of {M, 6) is 
(6.23) YolfHl := -(- ds^ . 



^0 

In particular, for k = 2 the area of (Af, 9) is Aieag M := j-ds'^. 

We have f^ds'^ = ^2n+2 Im -t^i^) and thanks to ()4.4p we know that 2c (x) 

agrees with T{^)^^a2n+2-k{^b;o){x), where aj{Ai,.Q){x) denotes the coefficient of 
t 2 in the heat kernel asymptotics (|4.3p for Ab;o. Thus, 

(6.24) Vol('=' M = J^r(|)-i / a2„+2-fc(A.)(x). 

4(n+l) 2 Jm 

Since Ab:o is a differential operator we have a2j-i(Ab;o)(a;) = for any j G N, 
so Volg'"'' M vanishes when A; is odd. Furthermore, as alluded to in the proof of 
Proposition 16.91 the analysis in [BGSi Sect. 8] of the coefficients of the heat kernel 
asymptotics for the Kohn Laplacian applies verbatim to the heat kernel asymptotics 
for the horizontal sublaplacian. Thus, we can write 

(6.25) a2j{Ai,Q)ix) = ^nj{x)d9'' A 9{x), 

where ^nj{x) is a universal linear combination, depending only on n and j, in 
complete contractions of covariant derivatives of the curvature and torsion tensors 
of the Tanaka- Webster connection (i.e. 7nj(a^) is a local pseudohermitian invariant). 
In particular, we have jno{x) — 7„o and 7„i — 7^]^i?„(a:), where jno and 7„i are 
universal constants and Rn{x) is the Tanaka- Webster scalar curvature (in fact the 
constants jno and can be explicitly related to the constants f3„mo and P'noo)- 
Therefore, we obtain: 

Proposition 6.11. 1) Volg M vanishes when k is odd. 
2) When k is even we have 

(6.26) Volf > M = ^M^r(^)-i %kix)d9" A 9ix). 

where 'jnkix) :— 7„„^i_ii(a;) is a universal linear combination, depending only on 

n and k, of complete contractions of weight n + 1 — ^ of covariant derivatives of 
the curvature and torsion tensors of the Tanaka- Webster connection. 

In particular, thanks to (|6.26p we have a purely differential-geometric formulation 

(k) 

of the fc-dimensional volume Volg M. Moreover, for fc = 2n + 2 we get: 

(6.27) Volf M = / dr A 9. 

^ ' ' 4(n-Hl) n! 

Since Vo4^"+^^ M = Vole M = ^ /^^^ d6i" A 61 we see that (c„)2n+2 ^ illitli^ where 
7„o is above. 

On the other hand, when n—\ (i.e. dimAf = 3) and k — 2 we get 

(6.28) Areas M = i( [ R,d9 A 9, H := = 

where is above. To compute 7" it is enough to compute 710 and in the 
special case of the unit sphere C equipped with its standard pseudohermitian 
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structure, i.e., for equipped with the CR structure induced by the complex 
structure of C'^ and with the pseudohermitian contact form 9 :— ^{zidzi + Z2dz2). 
First, the volume Vo\g is equal to 

(6.29) [ d9/\6 = ^ [ {z2dzi A dzi A dz2 + zidzi A dz2 A dz2) ^ n'^ . 



Moreover, by |We| the Tanaka- Webster scalar here is Ri — 4, so we get 

(6.30) / Ride A 9 = iVolg = An^ . 

Next, for j = 0, 1 set A2j(Ab;o) = Jga ci2j{^b-o){x)- In view of the definition of 
the constants 710 and we have 

(6.31) ^o(A6;o) =710 / d0A9 = n^-fw, A2{^b:o) = in ! RidO A0 = An^ii. 

Notice that Ao(Ab;o) and yl2(Ab;o) are the coefficients of t^^ and t^^ in the asymp- 
totics of Tr e~*'^'''° as t 0+. Moreover, we have Af,;o = Eg — jRi ~ E\g — 1, where 
□e denotes the CR invariant sublaplacian of Jerison-Lee [JLj . and by jStl Thm. 
4.34] we have Tre-*"^" = + 0{t°°) as t 0+ . Therefore, as t ^ 0+ we have 

2 ^2 

(6.32) Tre"*^"^" =e*Tre-*°'' ~ — r(l + <+ — + .. .). 

lot'' 2 

Hence Ao(Af,;o) = ^2(Ab;o) = fg. Combining this with (|6.3ip then shows that 
710 = je and 7^^ = ij, from which we get 7" = = Therefore, we get: 

Theorem 6.12. If dim M = 3, then we have 

(6.33) Areae M = -^-^ [ RidO A 9. 

32v2 Jm 

For instance, for equipped with its standard pseudohermitian structure we 

r, 2 

obtain Areag S — . 



Appendix. Proof of Lemma [37T] 

In this appendix, for reader's convenience we give a detailed proof of Lemma l3.1l 
about the extension of a homogeneous symbol on K'^+^yO into a homogeneous 
distribution on M''+^. 

Let p S C°°(R'^+^\0) be homogeneous of degree to, m € C, so that p(A.^) = 
A™p(^) for any A > 0. If dim > ~{d + 2), then p is integrable near the origin, so it 
defines a tempered distribution which is its unique homogeneous extension. 

If Sftm < — (d + 2), then we can extend p into the distribution r S 5'(]R''+^) 
defined by the formula, 

(A.l) (r, u) = / [uiO ~ "E ^«^"H0)]p(OdC V« e 5(M'^+i), 



where k is an integer > — (5Rm + d + 2) and -0 is a function in C^(R+) such that 
■0 = 1 near 0. Then in view of p.ip for any A > we have 



= A™ E /[vxii^ii)-'A(Aiia)rpm, 



{dj<k 

= A™ E Pa(A)c„(p)(5("),H), 

(Q)<fc 

where we have let 

C^{p)=^-^^ f CpiO^Ed^: p„(A)= rM<">+-+<i+2(^(^)_^(A^))^^ 

^iieii=i Jo M 

and, as in the statement of Lemma [5TT1 E is the vector field 2^of?Co + ^i^Ci + • ■ ■ + 

Set A = and assume that ip is of the form tp(p) = h{\ogfj,) with e C°°(R) 
such that /i = 1 near — oo and h = near +oo. Then, setting Oq = (pt) +rn + d + 2, 
we have 

J 7 /"OO /"OO 

(A.2) — Pa(e") = ^ / (/iW - h{s + t))e"'-'dt = -er"' / e''-%'{t)dt. 
ds ds J^^ 

As Pq,(1) = it follows that t is homogeneous of degree m provided that 

/oo 
e''^h'{t)ds = for a = TO + d + 2, . . . , m + d + 2 + fc. 
-OQ 

Next, if 5 e C;?°(R'^+^) is such that / g{t)dt = 1, then for any a e C \ we have 



(A.4) 



r°° Id 

/ e'^\-- + l)g{t)dt = Q. 
J-oo a dt 



Therefore, if m ^ Z then we can check that the conditions (jA.3p are satisfied by 

m+d+2+k 

(A.5) h\t)^ n ^-aJt+^^3{t). 

a—ra+d+2 

As J^^h'(t)dt = 1 we then see that the distribution r defined by (|A.1[) with 
i^ifi) — /i^^ h'{t)dt is a homogeneous extension of p(^). 

On the other hand, if f G 5'(K'^+'^) is another homogeneous extension of p(^) 
then r — Ti is supported at the origin, so we have r = f + X] baS'^"^ for some 
constants ba G C Then, for any A > 0, we have 

(A.6) Tx - A^T = fx- A"f + ^(A-(''+2-<")) - A™)6„(5("). 

As both T and f are homogeneous of degree to, we deduce that ^(A^^''+^^^"^' — 
X"^)ba5^"^ = 0. The linear independence of the family {5^"^} then implies that all 
the constants ba vanish, that is, we have f = r. Thus r is the unique homogeneous 
extension of p{^) on ffi.'^"''^. 

53 



Now, assume that m is an integer < — (c? + 2). Then in the formula (jA.ip for r 
we can take k = — {m + + 2) and let ij) be of the form, 



m+d+2+k 



(A.7) h'{t)dt, h'{t)^ n (_ 

with 5 e C^{W^+^) such that J g{t)dt = 1. Then thanks to (fO]) and (KA^ we 
have Pa (A) = for (a) < —{ni + d + 2), while for (o) = — (m + d + 2) we get 

(A.8) ^'°"('^'^ " / '^'^^^^^ = J 9{t)dt = 1. 

Since Pq(1) = it follows that Pa{e^) — s, that is, we have jOQ(A) — log A. Thus, 

(A.9) TA = A"V + A" log A J2 ca(p)(5(") VA > 0. 

In particular, we see that if all the coefficients Ca{p) with (o) = — (m + d + 2) vanish 
then r is homogeneous of degree m. 

Conversely, suppose that p(^) admits a homogeneous extension f e 5'(M'*+^). 
As r — f is supported at 0, we can write t = f + ^ baS^"^ with 6q G C. For any 
A > we have f\ — A™-?, so by combining this with (|A.6p we get 

(A.IO) rA-A™r= ^ 6„(A-(<">+'^+2) - A™)(5("). 

(Q)^-(m+(i+2) 

By comparing this with (jA.9p and by using linear independence of the family {(5'-"'} 
we then deduce that we have Ca{p) = for (a) = —{m + d + 2). Therefore p(^) 
admits a homogeneous extension if and only if all the coefficients Ca{p) with (o) = 
— (m + d+2) vanish. The proof of Lemma [3TT] is thus achieved. 
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